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NGHE AN TRUONG THPT CHUYEN PHAN BQI CHAU
NAM HOQC 2026 - 2027
PE CHINH THUC Moén thi: TOAN
(Pé thi gom 02 trang) Thoi gian: 150 phit (khong ké thoi gian phat dé)

Cau 1 (2,0 diém).

a) Gidi phuong trinh nghiém nguyén x° +2y° +3xy-2x-3y =0.

b) Cho n 13 mot sé nguyén duong va m 13 mot ude sd nguyén duong cua 2n*. Hoi n® +m c6 thé 1a sd
chinh phuong khong? Tai sao?

Cau 2 (7,0 diém).
2V (2 Y

a) Giai phuong trinh: (—] +(—j =5.
X x+1

x2(1+y2—y3):y(x2+y2+1)

31y —1:16(y—x\/4x2 —1)

b) Giai hé phuong trinh:

Cau 3 (2,0 diém).

Mot hop c6 7 vién bi gém hai vién bi mau xanh duoc danh s6 1 va 2; hai vién bi mau d6 dugc danh sb 3
va 4; ba vién bi mau vang dugc danh s6 5, 6 va 7.

a) Mdt ban hoc sinh chon ngau nhién 6 vién bi tir hop. Tinh xac suét cua bién cd “6 vién bi duoc chon c6
3 vién bi mau vang”.

b) Thay giao t6 chire tro choi béc bi tring thudng nhu sau: Mdi hoc sinh chon ngau nhién 3 vién bi tir hop
roi bo lai, néu trong cac vién bi duoc chon c6 hai vién bi dugce danh s lién tiép nhau thi ban do trang
thuong. Ban An 13 mot hoc sinh tham gia tro choi. Tinh x4c suit dé ban An trang thudng.

Cau 4 (7,0 diém).

Cho tam gidc ABC nhon c6 BC > BA. Pudng tron tam 7 ndi tiép tam giac 4BC tiép xiic v4i cac canh 4B,
BC, CA lan luot tai cac diém M, N, E. Goi K 1a giao diém cua tia BI voi doan théng NE.

a) Chimg minh BIA = BNE va AKB la tam gic vudng.

b) Tia BI cit doan thiang AC tai diém 7. Chting minh K7.BN = KB.ET .

¢) Qua 4 vé& duong thang d vudng goc v6i AL Tia NE va tia NM cit duong thang d lan luot tai cac diém F
va D. Goi H 14 giao diém ciia A7 va ME, O 1a giao diém ciia hai duong thang HF va DI. Ching minh bén
diém 4, O, I, F cung thudc mdt duong tron.

Cau 5 (1,0 diém).
Cho céc s0 thuc duong x, y, z thdoa man x+ y+z =2. Tim gia tri nho nhat cua biéu thuc:

= LSS S S (R PP

Cau 6 (1,0 diém). 7 » 7 o
Trén mat phang cho 18 diém phan biét trong d6 khong c6 ba diém nao thang hang. Qua hai diém bat ki ta




v& dugc mot doan thang va trén doan thang d6 ghi mot s6 nguyén bat ki 16n hon 1. Chirmg minh rang ton
tai mot tam giac c6 cac canh la cac doan thang da v& va tong cac sb ghi trén cac canh ciia tam giac d6 1a
hop sb.

Giam thi coi thi khong gidi thich gi thém./.



Chuyén Toan, THPT chuyén Phan B6i Chau

N BO To . . ) , .
, N ) Mo6n thi: Toan (vong 2)
5 v

“  Nguyén Nhat Huy - Lé Nam Khanh - Pham Ngoc Uy

Tran Nguyén Ditc Nhat - Lé Thanh Lam - Hoang Lé
Tich Kién Thiic - Trit Niém Vui A N
Nhat Tung

Phan Anh Quén - Trinh Huy Vii - Nguyén Ping
Khoa - Nguyen Dac Quan

l. PHAN DE THI
Cau 1.
1) Gidi phuong trinh nghiém nguyén x> + 2y* + 3xy — 2x — 3y = 0.

2) Cho n 1a mot s& nguyén ducng va m 1a mot udc sé nguyén duong ctia 2n°. Hoi n +m c6 thé
12 s6 chinh phuong khong? Tai sao?

Cau 2 (2,0 diém).
2\? Z
1. Giai phuong trinh <—) + ( ) =31
X x+1

2. Giai hé phuong trinh:

{x2(1 +y2 —y3) = (P +y*+1)

317 — 1 =16 (y—xv/4x2—1)

Cau 3 (2,0 diém). Mot hop c6 7 vién bi gom hai vién bi mau xanh dudc danh sd 1 va 2; hai
vién bi mau dé dudc danh sb 3 va 4; ba vién bi mau vang dudc danh s65,6va7.

1. Mbt ban hoc sinh chon ngiu nhién 6 vién bi tit hop. Tinh xdc suit ctia bién c¢b "6 vién bi
dudc chon ¢6 3 vién bi mau vang".

2. Thay gido tS chiic trd choi boc bi tring thudng nhu sau: Mdi hoc sinh chon ngiu nhién 3
vién bi tit hop rdi bd lai, néu trong céc vién bi dugc chon c6 hai vién bi dude danh sb lién
tiép nhau thi ban d6 tring thuéng. Ban An 1a mot hoc sinh tham gia tro choi. Tinh xdc
suat dé ban An tring thudng.

Céu 4. Cho tam gidc ABC nhon c6 BC > BA. Pudng tron tim / ndi tiép tam gidc ABC tiép xiic
v6i cac canh AB, BC,CA lan ludt tai cic diém M,N,E. Goi K 1a giao diém ctia tia BI véi doan
thiang NE.
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a) Chung minh BIA = BNE va AKB 1a tam giac vuodng.
b) Tia BI cit doan thing AC tai diém T. Chiing minh KT - BN = KB -ET.

¢) Qua A vé duong thang d vudng géc véi Al. Tia NE va tia NM cat dudng thang d 1an luot tai
cdc diém F va D. Goi H la giao diém ctia Al va ME, O 1a giao diém cta hai dudng thang
HF va DI. Chiing minh bn diém A, 0,1, F ciing thudc mot dudng tron.

Cau 5. Cho céc sd thuc duong x,y,z thda man x +y+z = 2. Tim gia tri nho nhéit ctia biéu thiic

1 1 1 4
TZ@(@*&*@)‘V“*E

Cau 6. Trén mit phang cho 18 diém phan biét trong d6 khong c6 ba diém nao thang hang. Qua
hai di€m bt ki ta vé dudc mot doan thiang va trén doan thiang d6 ghi mot sb nguyén bt ki 16n
hon 1. Chiing minh ring tdn tai mdt tam gidc c6 cac canh 1a cdc doan thang di vé va tong céc
s6 ghi trén cac canh clia tam gidc d6 12 hop s6.
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2. PHAN PAP AN

1) Giai phuong trinh nghiém nguyén x* + 2y* + 3xy — 2x — 3y = 0.

2) Cho n 1a mot sé nguyén duong va m 1a mot uée sb nguyén duong cta 2n°. Hoi n® +m
c6 thé 1 s6 chinh phuong khong? Tai sao?

Loi gidi.

1) Ta viét lai phuong trinh nhu sau

2)

X +x(3y—2)42y* =3y =0.

DéE phuong trinh trén ¢6 nghiém nguyén thi A, = (3y —2)? — 4(2y*> — 3y) = y> +4 phai 1a s6
chinh phuong. Dit y* +4 = & thi (k—y)(k+y) =4, ma (k—y) + (k-+y) = 2k chin nén hai
s6 nay cung tinh chan 1é vi tich hai s6 nay chin nén ca hai s6 déu chin. Khi d6 ta c6 bang
sau

k—y| 2] -2
k+y|2] =2
y 0| 0

Viy=0nénx?>—2x=0suy rax=0hoicx = 2. Viy tit ca cip (x,y) théa man 12 (0,0); (2,0).

Néu m 12 udc ciia 2n%, tdn tai cc sb nguyén duong k va m thda man 2n” = mk van® +m = d°.
V6i phép dit nhu vay, ta 1an Iugt suy ra
2, 2 2 2_ 2(12
w5 =d’ = (dk)? =n (K +2k).

RO rang, k* + 2k phai 12 mot sb chinh phuong. Do
K < k* 42k < (k+1)2,

Piéu nay mau thuin do d6, n> + m khong thé 1a sé chinh phuong.
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2\? 2 \?
1. Giai phuong trinh <—) +< ) =
X x+1

2. Giai hé phuong trinh:

{x2(1 +32 =) =y +y* +1)

3% — 1 =16 (y—xv/4x2 1)

Loi gidi.

1. PKXD: x ¢ {0,—1}
2 2 4 2
Pita= b= thiab=————via—b=———.
X x+1 x(x+1) x(x+1)
2
Tacé5=a’+b*>=(a—b)*+2ab=1>+4t,v6it = ———— T dé c6 (r—1)(t+5) =0
x(x+1)

Néut=1thix(x+1)=2hay (x—1)(x+2) = 0. Khi d6 x = 1 va x = —2 la nghiém clia
phuong trinh.

. = 1\ -3
Neut=—-5thix(x+1)= 5 tuong duong <x+ 5) =20 < 0. Truong hgp nay vo
nghiém.

Viéy tap nghiém cla phuong trinh la {1,—2}.

1
. DPKXDP: x* > T

Phuong trinh dau tién ctia hé tuong duong véi (y* 4 1)(x> —x*y—y) =0.Do y* +1 > 0
2

nénxz—xzy—y:()hayy: o
X

Phuong trinh thi hai ciia hé tuong duong v6i 16x1/4x% — 1 = 16y — 31x%> + 1 thay y =
2
X

5 vao ta dudgc
x-+1

16x2
I V2 — RN

241
Pit + = x*. Binh phuong hai vé 1én ta dudc

161 2
16t\/4t—1: ?—31t+1

t

tuong duong
(3t — 1) (212 +315> +2311+1) =0

1 31
Do ¢t > 0 nén ta phdi ¢c6 3t —1 =0 hay t = 3 Gidi ra (x,y) = (é,z) va (x,y) =
—v3 1 31
(T\/_,Z) Thu lai chi c6 (x,y) = <_\/T—’4_1> thoa man.
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Vay hé phuong trinh c6 nghiém duy nhit (x,y) = (

ﬁl)

BN



Cau lac bo Toan A1, Hotline: 034 761 1986 - 035 290 3286 6

Mot hop c6 7 vién bi gdom hai vién bi mau xanh dudc danh s6 1 va 2; hai vién bi mau do
dugc danh s6 3 va 4; ba vién bi mau vang dudc danh s6 5, 6 va 7.

a) Mot ban hoc sinh chon ngiu nhién 6 vién bi tit hdp. Tinh xdc suat ctia bién ¢ "6 vién
bi dudc chon ¢6 3 vién bi mau vang".

b) Thay gido t6 chiic tro choi bdc bi triing thudng nhu sau: Mdi hoc sinh chon ngiu nhién
3 vién bi tlt hop roi b lai, néu trong cic vién bi dudc chon c6 hai vién bi dudc ddnh
s6 lién tiép nhau thi ban d6 triing thudng. Ban An la mot hoc sinh tham gia trd choi.
Tinh x4c suat d€ ban An tring thudng.

Loi gidi.

a)

b)

Luu y hop ¢6 7 vién bi nén viéc chon ngau nhién 6 vién bi tit hdp tuong ducng véi chon 1
vién bi dé "loai di". D€ 6 vién bi dudc chon c6 du 3 vién vang thi tuong duong véi 1 vién bi

bi "loai di" khong dudc c6 mau vang, xdc suat dé dicu nay xdy ra la 7

nn—1)..(n—k+1)
1.2...k

Chon k phan tit tif 7 phan ti c6 CK = . cach chon. C6 thé chiing minh
bing quy tac nhan sau d6 chia cho k!.
S6 phan ti clia khong gian miu 1a C3. Ta sé tinh s6 cach An chon 3 vién bi dé khong c6 2
vién bi nao dudc danh s lién tiép.
Goia < b < c1asd cia 3 vién bi dudc An chon. Luuytacé 1 <a,b,c<7vab—a,c—b>1
(do a, b, c khdng dudc c6 2 s6 lién tiép). Do d6 ta c6

1<a<b—-1<c—-2<5,
cho nén viéc chon ra 3 vién bi v6i 3 s6 a < b < ¢ tuong duong vé6i viéc chon3sba<b—1<
¢ —2; 3 s6 nay 12 3 s6 tu nhién phan biét ndm gitta 1 va 5, c6 Cg cach chon.

Vay x4c sudt d&€ An khong chon ra dudc 2 vién bi nao lién tiép nhau (ttic 12 An khong tring
thudng) la

3
G
3 )
&
suy ra xac sut d€ An triing thudng la
e s
-3 ==
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Cho tam gidc ABC nhon c6 BC > BA. Pudng tron tdm I noi tiép tam gidc ABC tiép xiic
véi cac canh AB, BC,CA 1an lugt tai cac diém M,N,E. Goi K 1a giao diém cia tia BI v6i
doan thang NE.

a) Chiing minh BIA = BNE va AKB 1a tam gidc vudng.
b) Tia BI cat doan thang AC tai diém 7. Ching minh KT - BN = KB-ET.

¢) Qua A vé dudng thang d vuong géc véi Al. Tia NE va tia NM cit dudng thang d lan
ludt tai cac diém F va D. Goi H 1a giao diém cta Al va ME, O la giao diém cua hai
dudng thang HF va DI. Chiing minh bén diém A, 0,1, F cung thuoc mot dudng tron.

Lai gidi.
a) Tacod
BIA = 180° —IBA —IAB =90° + ACB/2 = BNE.
Tir d6 cling dan t6i AIK = ENC = KEC nén ti gidc AIKE noi tiép, suy ra
AKI = AEI = 90°.

b) Ap dung dinh 1i Menelaus cho tam gidc BTC c6 ba diém N, K, E thing hang:

KT NB EC_1
KB NC ET

KT NB
Chuy CN = CE nén — - — =1 hay thu dudc K7 -BN = KB -ET.
KB ET

c) Tacod
AEF = NEC = NME = MDA,
tuong tum = AFE nén AAEF «~ AADM (g-g), suy ra

AF -AD = AE -AM = AE* = AH - Al
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suy ra H 1a truc tim tam gidc IDF. Didu nay din t6i IOF = 90° = IAF nén bén diém A,
0, I, F cung thudc mdt duong tron.
[
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Cho céc sb thuc duong x,y,z thda man x +y +z = 2. Tim gi4 tri nhd nhét cta biéu thiic

1 [ 4
T:ﬁ(\/x_y+¢y_z+\/z_x)— 1+

Loi gidi. Ta trinh bay hai cach giai.
CACH 1. Ta s& chiing minh 7 > v/2
Bit dang thic tuong duong:
V2(VX+ 3+ vZ) >/ 2xyz+ /4 + 1xyz
2(x+y+2) + (/T + I+ VZE) > 13xyz+ 4+ 24/ 2xy2(11xyz + 4)
Vi x +y+z =2, thay vao vé trdi va riit gon sd 4 & hai vé, ta cAn chiing minh
4(\/xy +/y2+/2x) > 13xyz+ 2\/2xyz(1 lxyz+4)
Theo bt dang thiic AM-GM thi

VT = 4(\/xXy +/yz+Vzx) > 12/xyz.

Ta s€ chiing minh

129352 > 13xyz + 24/ 2xyz(1 1xyz +4)

12> 13/ (xy2)? +24/ (1102 + 4) -2 2
(x+y+2° 8

O K77
CACH 2. Pita=/x,b=/y,c=+/zthia> +b* +c* =2 va
V2(a+b+c)—V11a2b2c2 +4

abc

BAt ding thiic cudi nay ding do xyz <

T =

\/ﬁab—i—bc—l—cagaz—i—bz—l—c2 =2néntacod
4
3

1
4abc(a+ b+ c) +9a*b*c® < —(ab+ bc + ca)* + g(ab +bc+ca)’

8 4
< (ab+ bc+ ca) (——I——)
SR
=4(ab+bc+ca).
Do d6 ta dudgc
11a*b*? +4 < 4(ab+be + ca) — 4abc(a+b+c¢) +4+2a*0*c® = 2(a+ b + ¢ — abc)?
Suy ra / 11a2b%c2 +4 < \/§(a+b+c—abc). Khi do, ta cé

_ 212 2
\/§(a+b+c) V11a2b?c? +4 > V2abc _ 2

abc abc

PN 2 2 <
Dau bang xay rakhia=b=c= \/;,hayx:y:zzE.VéygiétrinhénhﬁtcﬁaTlé V2. O
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Trén mit phang cho 18 diém phén biét trong d6 khong c6 ba diém nao thang hang. Qua
hai diém bt ki ta vé dugc mot doan thang va trén doan thang d6 ghi mot s6 nguyén bat
ki 16n hon 1. Chiing minh rang tdn tai mot tam gidc c6 cac canh l1a cac doan thang da vé
va téng céc sb ghi trén cic canh ctia tam gidc d6 1a hop sd.

Loi gidi. Ta thuc hién t6 mau cac doan thang bdi 3 mau theo quy tic sau: Cac doan thiang dugc
danh sb chia hét cho 3 sé dudc t6 mau xanh, cic doan thang dudc danh s6 chia 3 du 1 sé dudc
t0 mau do, va cac doan théng dugc danh sb chia 3 du 2 sé dudc td mau vang.

Ta c6 cic bd dé sau.

B§ dé 1: Trén mit phéng cho 6 diém, trong d6 khong c6 3 diém nio thing hang. T6 mau cac
doan thang nbi 2 trong 6 diém da cho bdi 2 mau xanh hoic d6. Chitng minh ring, ton tai mot
tam gidc c6 3 canh cung mau.

Chiing minh B6'dé 1. Goi 6 diém1aA,B,C,D,E,F.Xét5 doan thang AB,AC,AD,AE ,AF dudc
t6 bdi 2 mau, theo nguyén ly Dirichlet, phai c6 it nhit 3 doan thang cing mau. Khong mét tinh
tong quat, gid st AB,AC,AD c6 mau do.

Néu BC,CD, BD c6 mot doan mau do, gia st 1a BD, thi tam gidc ABD sé ¢6 3 canh mau do.
Néu c4 3 doan BC,CD, BD c6 mau xanh thi tam gidc BCD c6 ca 3 canh mau xanh. ]

BG deé 2: Trén mit phang cho 17 diém, trong d6 khong c6 3 diém nao thang hang. T6 mau cic
doan thang nbi 2 trong 17 di€ém di cho bdi 3 mau xanh, dé hodc vang. Chiing minh ring, ton tai
mot tam gidc co 3 canh cung mau.

Chitng minh B6' dé 2. Goi 17 diém1a Ay,A,,...,A17. Xét 16 doan thang A As,A1A3,...,A1A7
dugc to bdi 3 mau, theo nguyén ly Dirichlet, phai c6 it nhit 6 doan thang cling mau. Khong mét
tinh tdng quat, gia st A1A5,A1A3,...A1A7 déu c6 mau do.

Néu trong cic doan thang ndi 2 trong 6 diém A, As, ..., A7 c6 it nhat mot doan thang mau dd,
khong mét tinh téng quat, gia st 1a A»A3. Khi d6, tam gidc AjA,A3 1a tam gidc ¢6 3 canh mau
do.

Néu nhu cdc doan thang nbi 2 trong 6 diém A5, A3, ...,A7 khong c6 doan nao mau do, tic 1a cic
doan thang nay dugc td bdi 2 mau xanh hoic vang. Theo B6 dé 1, ton tai mot tam gidc tao tir 3
trong 6 dinh nay c6 3 canh cung mau. ]

Quay lai bai todn, ta thiy khi d6 phai c6 1 tam gidc v6i dinh nam trong 18 dinh da cho c¢6 3 canh
ciing mau. Khi d6, s6 danh trén 3 canh cia tam giac nay 1a dong du, cho nén téng clia cac sb
d6 1a chia hét cho 3. Ma tdng nay ciing 16n hon 3 (do cac sd danh trén canh déu 16n hon 1), nén
tong nay 1a hop so. O
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