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Ciu 13 (2,0 diém)
a) Cho a,b 14 cdc sd thyc duong thda man V8+a* +b =ab+2 va %+%=%. Tinh gia
trj ciia biéu thirc Q=a* +b’.
b) Xét da thirc P(x)=ax®+bx+2 véi a,b 1a cac hé sé thyc. Biét ring voi moi s thuc
x thda man [{<1 thi |P(x)| <4. Tim gié trj 16n nhét ciia biéu thirc S =|a+|8].
Cau 2: (1,0 diém)
2x? =3\2x -1 =71-2(3* + 2y)

Giai h¢ phuong trinh \/— y+1
X'=x=1-y=
{/x 1-

Caiu 3: (I 0 diém) Goi S 1atap hqp tat ca céc sb tyr nhlen ¢6 bdn chir s6 phéan bi¢t duogc lap tu
céc chirs6 4, 5, 6, 7, 8 9. Chon ngau nhién mét sé tir tip hop S. Tinh x4c sudt chon dugc s6
c6 tong tht ca cac chir s6 1a mdt s chin.

Cau 4: (2,0 diém)

a) Tim tét ca céc cap s6 nguyén duong (x;y) thoa man (x+ y) +4x= 4( —3y+9)

b) Tim tit ca céc sd nguyén té p va g théa man (p+q)° =(q— p)**.

Ciu 5: (3,0 diém) Cho tam giac nhon ABC ( AB< AC) c6 dudng tron ngoai tiép (0), dudmg cao
AH (H thudc canh BC) va tdm dudng tron ndi tiép 1a 1. Pudng thing AI cit duong tron (O) tai
diém thir hai M (khéc diém 4). Goi F 14 diém d6i ximg véi 4 qua O. Pudng thing MF cit cic
dudong thing AH, BC theo thir tyr tai N va K.

a) Chimg minh ring céc tam giac INF va IMC 1a céc tam gi4c can.

b) Chimng minh ring tir gidc NHIK ndi tiép duong tron.

¢) Puong théng FI cit duémg tron (O) tai diém thu hai D (khic diém F) hai duong
thing AD va BC cét nhau tai diém S. Chimg minh ring néu 4B+AC=2BC thi tir gidc SIKM la
hinh binh hanh.,
Cau 6: (1,0 diém) Mot thuét toan dugc 1ap trinh trén mdy tinh nhu sau: ban diu, mot sé sb
nguyén duong (nhiéu hon mét s6) dugc hién 1én man hinh. Sau d6, cir mdi gidy, mot s bing
tdng binh phuong ciia tht ¢4 céc sb da hién trén man hinh lai dugc hién 1én (vi dy, néu ban dau
¢6 c4c s6 1 va 3 duge hién trén man hinh, thi & gidy dau tién, s§ 10=1>+3? s& dugc hién 1én; &
gidy tha hai, s6 110=1>+3*+10 s& dugc hién 1én;...). Goi 1, 13 s6 wéc nguyén té phan biét cia
50 hi¢n trén man hinh & gidy thir k (k21). Chitng minh ting #, + 1, +...+ My 22053351,



HUONG DAN GIAI

Cau 1.

2 YTTO TR S
a) Ta c6 a, b la cac so thuc duong, nén a +b > 0 va ab > 0. Tu gia thiét — + 5= 3 ta
a

bién déi duoe

a+b 3 2
7 —5@2(a+b)—3ab®ab—§(a+b).

Dit S =a+bva P = ab véi dieu kien S% > 4P. Khi d6 P = %S. Do S2 > 4P nén ta ¢6

5224%5@52—2520.

Vi a, b duong nén S > 0, suy ra S > g Tu gid thiét V8 + a2 + b2 = ab + 2, tién hanh
binh phuong hai vé do ab + 2 > 0, ta dugc

8+ a2+ b = (ab+2)°
& 8+ (a+b)? —2ab= (ab)® + 4ab+4
& 8+8%2—2P =P 4P 44
& §2-P2-6P+4=0,

2
Thay P= §S vao phuong trinh trén, ta c6

2
S2 — @S) —6(§S)+4:0

& 52—352—4s+4=0

(>

5
552—4S+4=0
& 552-368+36=0

S=6
= 6

-6 = 4. Gia tri ctia biéu

Wl N

Déi chiéu véi dieu kien S > g, ta nhdn S =6. Suy ra P =
thite Q = a3 + 5 Ia

Q = (a+0)(a®—ab+0?)
= (a+0) [(a+b)* - 3ab]
= §(5*-3P)
= 6(6°—3-4)
= 6(36 - 12)
= 6-24
= 144.

Vay Q = 144.



b) Ta ¢6 P (z) = ax®+bx+2. Theo gia thiét, |P (z)| < 4 dtng v6i moi = thdéa man |z| < 1.
P(l|<4e|a+b+2<4e-4<a+b+2<4& -6<a+b<2
Thay z = —1, ta c6

IP(-1)| <4 la—b+2/ <4 -4<a-b+2<4e -6<a—b<2.

Ta xét tinh chat gia tri tuyet doi:

|a| + |b] = max (|a + b|, |a — b|).

That vay, binh phuong hai vé ta dugc:

(la| + |b])? = a2+b2+2 |ab| v max (|a +b, |a— b|2) = max (a2 + 0% 4+2ab, a® + b* — 2ab) =
a? + b? + 2 |ab|.

Tu bat phuong trinh —6 < a+b < 2, suy ra |a + b| < 6.

Tu bat phuong trinh —6 < a—b < 2, suy ra |[a—b| < 6. Do d6, S = |a| + [b| =
max (|a + b|, |a — b]) < 6.

Thay z =1, ta c6

. , la+b=-6 a=—3
Dau “= "xay ra khi & ;

a—b=10 b=-—3
Thtt lai v6i @ = —3,b = -3, ta ¢c6 P(z) = —322 — 3z + 2. Dinh clia parabol 1a
b 1
& e 5 e 15 [ A
B=—ge =g <l

Ta tinh céc gid tri: P (-%) . 14—1 <4 P(l)=—4>—4 P(-1)=2<4.

Nén |P (z)| < 4 v6i moi z € [~1;1], théa man yéu cau bai toan.
Vay gia tri 16n nhét clia biéu thic S 1a 6.

1
20 —1 >0 x2§
Cau 2. Diéu kién xéc dinh 1a {22 —2—-1-y>0 & 2 —x—1—y>0 Xét phuong
z—1-y#0 T—1—y#0.
trinh th hai cia hé
y+1

Val—z—1-y= (1)

Jr—1-y

Ditt=¢z—y—1.Suyraz—y— 1=t & y+ 1=z —¢. Thay vio phuong trinh (1) ta
dugc

z—13

Diéu kién dé phuong trinh (2) c6 nghiém Ia % —_2>0s > 0. Binh phuong hai vé
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phuong trinh (2) ta duge

o2
x2—2x+t3:t—2—2xt+t4
x2 .
& $2—t—2—2$+2xt+t3—t420

22 =1, 4 B
© T +2x(t—1)—t°(t—1)=0
2
z°(t+1)
= (t—l) t—2+2$—t3 =0
t—1=0
= 2
w+2x_t3:0_
+2
Truong hop 1:t—1=0&t=1.Khido yr—y—-1=1zr—y—1=1&y=2—2. Truong
2
t 1 Z o N .
th2:%+2x—t3:OﬁxQ(t+1)+2xt2—t5:O.Néut<0thit3<0.TfIdléuk1én

z —13

A . ~ % s T T 1 ,
>0suyraz—1t3<0e 2z <t?<0. Diéu nay mau thudn véi diéu kien = > 5 Do do6

z—13

t>0.Véit>o0, ti > 0 suy ra z > t3. Khi d6

2 (t+1)+22 5> (B) ¢+ 1) +2(B) 2 -5 =t +5+85>0.

Suy ra phuong trinh 22 (t + 1) + 22t?> — > = 0 vo nghiém. Vay ta c6 y = z — 2. Thay vao
phuong trinh thit nhat ctia hée ta duge
222 —~3v2r —1=T71-2[(z - 2)> +2(z — 2)]
& 207 —-3V2r—1=71-2(a® —do+4+22—4)
& 2% —3v22—1="71-2(a* - 22)
& 4o° —4x—3v22—1—"T71 =0.(3)
Dat u = v2x — 1 v6i u > 0. Suy ra W=22—-12r=u+1= 422 = (u2 + 1)2 =ut4+2u%+1
va 4z = 2u? + 2. Thay vao phuong trinh (3) ta duge
(u* +2u® +1) — (2 +2) —3u—T71=0
& u'-3u—-72=0
< (u—3) (u3+3u2+9u+24) = (J;
Do u>0nén u®+3u?+9u+24>0. Suyrau—3 =0« u=3 (théa man). V6i u = 3, ta
c6V2r—1=3s2r—-1=9% 22 =10« 2 =5 (théa man diéu kién). Véi z = 5, ta c6
y =5—2=23. Thit lai véi cac diéu kién ban dau ctia he, ta thay cap nghiém (z;y) = (5;3)
théa man. Vay hé phuong trinh c6 nghiem duy nhat (z;y) = (5;3).
Cau 3. Tap hop cac chit s6 da cho 1a X = {4;5;6;7;8;9} gom 3 chit s6 chdn va 3 chit s6 18.
S6 cac sO tu nhién c¢6 bon chit s6 phan biét duge lap tit X 14 A} = 360 s6. Suy ra s6 phan
tit ctia tap hgp S 1a 360. Khong gian mau ctiia phép thit chon ngau nhién mot so6 tit tap S
c6 s6 phan ti 1a n (Q) = 360. Goi A 1a bién ¢b “S6 duge chon cé tong tat ca céc chit s6 1a
mot s6 chiin”. Dé tong 4 chit s6 phan biet 1a mot s6 chin, ta c6 cac truong hgp c6 thé xay
ra;



1. Trudng hop 1: 4 chit s6 déu chén (loai vi chi ¢6 3 chit s6 chén).
2. Truong hop 2: 4 chit s6 déu 1é (loai vi chi ¢6 3 chit s6 18).

3. Truong hgp 3: 2 chit s6 chin va 2 chit s6 1é.
Ta tinh s6 cac s6 théa man truong hop 3:
(a) Chon 2 chit s6 chén tit 3 chit s6 chdn ¢6 C3 céch.
(b) Chon 2 chit 86 16 tit 3 chit 86 16 ¢6 C% cach.

(c) Xép 4 chit s6 vita chon vao 4 vi trf c6 4! cach.

Suy ra s6 két qua thuan 1¢i cho bién ¢6 A 1a n (A) = C%. C3 - 4! = 216.
n(A) 216 3

Vay xac suat can tim 1a P (A4) = "(Q) ~ 360" 5

Cau 4.
a) Ta c¢6 phuong trinh (z + y)2 +4xr =4 (y2 —3y+ 9).

22+ 2zy+ 1y + 4z = 4y® — 12y + 36
& 2242 (y+2)—3y%+ 12y — 36 =0(1)

Coi (1) 1 phuong trinh bac hai an z, tham s6 y. Tacé A = (y + 2)2—(—3y2 +12y — 36) =
y? + 4y +4+3y2 — 12y + 36 = 4y® — 8y + 40 = 4 (y® — 2y +10) = 4[(y —1)* +9]. D@
phuong trinh ¢6 nghiém nguyén x thi A’ phai 13 mot s6 chinh phuong. Dat A’ = 442
voi ke N*. Suyrad[(y—1°+9] =4k & (y—1)°+9=kK o -y-1°=9s
(k—y+1)(k+y—1)=9.Viy>1neén k+y—1 > 0. Do tich ciia hai thita s6 bang 9 nén
k—y+1>0. Honnita,tacé (k+y—1)—(k—y+1)=2y—-2>0=>k—y+1<k+y—1.
Do9=1-9=3-3, ta xét cac truong hgp sau:

k—y+1=1 20—2=28 =iy
(a) Truong hop 1: g T 4P
by 1=8 = |2=10 k=5.

Véiy=5, taco A =452 =100 = VA’ = 10.
r=—(5+2)+10=3 (thda n

r=—(5+2)—10 = -17 (loai

k—y+1=3 2y—2=0 =1
(b) Truong hop 2: y Y & Véiy=1,taco A =
k+y—1=3 % =6 k=3

4-3% =36 = VA’ = 6. Thay vao cong thitc nghiém ctia phuong trinh (1), ta duge
z=—(1+42)+6 =3 (théa man)
z=—(1+2)—6=-9 (loai).

Thay vao cong thitc nghiém ctia phuong trinh (1), ta duge

Vay cac cip s6 nguyén duong (z;y) thoa man 1a (3;5) va (3;1).
b) Ta c¢6 phuong trinh (p+q)? = (¢—p)*~"

p+g>0,suyraq—p>0=¢q>p.

. Vi p,q la cac sb6 nguyén t6 duong nén

Goi d 1a mot u6c nguyen t6 clia ¢ — p. Suy ra ¢ — p chia hét cho d = ¢ = p (mod d).
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Ma ¢ — p 1a uéc cta (q — p)2q_1 nén d la wée ciua (p+ q)°.

Do d nguyén t6 nén d la wéc ctia p + q. Ta c6 d 1a ude cia tong (p+q) + (¢ —p) = 2¢
va d la ude cta hiéu (p+q) — (¢ —p) = 2p.

Vi p,q 1a céc s6 nguyén t6 phan biét (do ¢ > p) nén u6c chung 16n nhat cta 2p va 2¢
1% 2.

Suy ra d la u6c ctia 2 = d = 2. Diéu nay chiing té ¢ — p chi ¢6 uéc nguyen t6 duy
nhat 1a 2, do d6 ¢ — p = 2F véi k € N*.

Mit khac, do p+ ¢ cling chi ¢6 ude nguyén t6 1a 2, nén p+q = 2™ véi m € N*, m > k.
Thay vao phuong trinh ban dau ta duge: (2m)P = (2k)2q_1 & omp = ok(20-1) oy =
k(2q—1).

Ta ¢6 hé phuong trinh:

g-p=2" k _ ok (om—k k=1 (om—k
2m:>2q=2’”+2 = GV PR L) o= BFT [PRRLT),
Pd-=

Do ¢ 1a s6 nguyén t6 va 2™ % +1>1 (Vim > k), nén taphdic6 281 =1 k—-1=
0= k=1,

Véik=1tacbg—-p=2'=2=>qg=p+2.

Thay k = 1 vao phuong trinh mp = k (2¢ — 1), ta dugc:
mp=2¢—1=2(p+2)—1mp=2p+3&p(m-—2)=3.

Vi p la s6 nguyén td vd m nguyén duong nén p phai 1a uée nguyén té clia 3. Suy ra
p=3.

Khido m—2=1<m=3. Véip=3, tacé ¢=3+2=>5 (thoa man la s6 nguyén t6).
Thit lai: (3 +5)° = 8 =512; (5—3)*>™' =29 = 512 (théa man).

Vay hai s6 nguyén t6 can tim 1a p =3 va ¢ = 5.

Cau 5.
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a) Ta c6 OAC = 90"—7 =90°—-ABH = BAH = HAI = BAI-BAH = CAI-CAO =

FAI
Xét tam gidc ANF c6 duong cao AM dong thoi 1a phan giac = AM 1a trung truc
NF ¢6 I nam trén AM = IN = [F.
Ta¢6 ]VII\C:I/A?7+I/C\A= @+@=m+ﬁ321@ = AIMC can tai M.
b) Ta ¢6 KCM = 180° — MCB = 180° — MBC = MFC = AMFC ~ AMCK (g.g)
= MF -MK =MC?=MI?>= MN - MK = MI>.
Vi MF = MN = NIK = 90° (do ¢6 IMK = 90°) = NHIK noi tiép.
¢) Goi G, Z lan lugt 1 hinh chiéu ciia I trén AB, BC va X 1a trung diém BC. Ta dé ¢
AG = pi e T, T =CX = AAGI = ACXM (cgv-gn) = XM=IG=1Z,

2 2
ma I[Z | XM = T la trung diém I M.

Goi dudng thang qua I vuong goc véi IA cit BC tai S/, S’A cit (O) tai D' = S'IB =
90° — BIM = 90° — [AB — [BA = §'CI = AS'IB ~ AS'CI (g.g) = S'I2=§'B-S'C =
S'D'-S'"A. Ma S'TA=90°= ID'A=90° = D' truing D = §’ trung S.

= SI | MK do ciing vudng géc v6i AM, ma T la trung diém IM = SIKM la hinh
binh hanh.

Cau 6. Goi 2, 1a s6 hién trén man hinh & giay thi & v6i k € N*. Gia sit ban dau ¢6 m s
nguyén duong duge hién lén man hinh 1a a1, a9, ..., a, véi m > 2. Theo gia thiét, § giay
dau tien, s duge hién lén bing tong binh phuong ctia céc s6 ban dau nén

zlza%+a%+---+afn.
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Vig;>1v6imoii=1,2....,mvam>2néna >12+12=2. O giay tht 2, s6 dugc hien
len bing tong binh phuong clia tat ci cac s6 da hién trén man hinh nén

zo=0s+aZ+ - +a +at =m + 22 =21 (x1 + 1).

Tuong tu, & giay thit k + 1, s6 duge hieén leén bang tong binh phuong clia tat ca cac s6 da
hién trén man hinh (bao gdm cac s6 ban dau va cac s tit 2; dén z;). Tong binh phuong
clia tat ca cac s6 hién trén man hinh truée giay thi k& chinh 14 z;. Do d6, s6 hién lén &
giay thit k+1 1a

Thi1 =a:k+:v% =z (zx+1) VE>1

T 21 > 2 v 2341 = 23 (v + 1), bang quy nap ta dé dang suy ra zp > 2 v6i moi k > 1.
Ta c6 ny 1a s6 u6c nguyén t6 phan biet ctia xp. Vi 23y = 2y (xp + 1) vA a5, 25 + 1 13 hai
s6 nguyén duong lien tiép nén chiing nguyén t6 cting nhau, tic 1a (z, 2 + 1) = 1. Do d6,
tap hop céc udc nguyén td clia x4 la hop roi rac ctia tap hop cac uée nguyén to cta
z1, va tap hop cac u6c nguyén t6 clia z + 1. Suy ra s6 uéc nguyén té6 phan biét cia x4,
bang tong s6 udc nguyen td6 phan biét clia z; va s6 uéc nguyen td phan biét clia zj + 1.
Hay njpy1 = ng + my, trong dé my, 14 s6 u6c nguyén t6 phan biét ctia j + 1. Vi x5, > 2 nén
x4+ 1> 3, suy ra x;, + 1 ¢6 it nhat mot uée nguyen t6. Do d6 my, > 1. Suy ra ngq > ng +1
v6i moi k > 1. Ap dung lién tiép bat déng thitc trén, ta duge

ng 2 ng—1+1

Ng—1 2 Ng—2 + 1

ng >ny+ 1.

Cong vé theo vé cac bat dang thitc trén ta c6 ny > ny +k — 1. Vi 2y > 2 nén z; c6 it nhat
mot uéc nguyén to, suy rany > 1. Dodé np > 1+k —1 =k véi moi k > 1. Khi d6, téng
can ching minh théa man

ny+na+---+no =>1+24---42026.

Taco1+2+---+2026 = 2026(2326“)

2053351 (diéu phai chiing minh).

= 1013 - 2027 = 2053351. Vay nj +mna + - - - + nagee >
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