SO GIAO DUC VADPAOTAO DK THI TUYEN SINH LOP 10 THPT NAM HQC 2026-2027

TINH NINH BiNH Mén thi: TOAN (Chuyén)
— Thoi gian lam bai: 150 phit.
DE CHINH THU'C (4 thi gdm: 02 trang)
Bai 1. (2,0 diém)
1. Cho x,y,z 14 céc sb thyc duong théa man x+ y + z = 3. Chimng minh
L . 1 1 6

3x+yz 3y+xz +3z+xy B (x+y)(y+2)(z+x)
2. Xét da thirc P(x)=x> —mx+1, v6i m 13 mot sb thyc. Gia sir da thirc P(x) c6 ba
nghiém thyc 13 a,b,c.
a) Chitng minh abc =-1.
b) Tim t4t ¢4 céc gié trj ciia m dé a® +5° +c* =19.
Bai 2. (2,0 diém)
1. Gidi hé phuong trinh

45° (P +1)+2x-2=0

23c2y(1+\/y2 +3)=x+,’3x2 +i— .

2. Mot doan thién nguyén dur dinh ché 48 tén hang dé huong tng phong trao “Huéng
vé& Mién Trung than yéu”. Khi chuin bj khoi hanh thi s§ hang hoa ting thém 7 tn so véi dyr
dinh, do d6 doan thién nguyén phai bd sung thém 3 xe, liic ndy mbi xe ché it hon dy dinh 1
tn hang. Hoi ban dAu, doan thién nguyén dyr dinh ding bao nhiéu chiéc xe dé ché hang, biét
céc xe chd sb thn hang bing nhau?

Bai 3. (3,0 diém) Cho tam gi4c 4BC (4B < AC) ndi tiép dudng trdn (O;R) dudng kinh BC.
LAy diém H nim trén doan thing OC (H khong tring véi O va C). Pudng thing di qua H
va vubng géc véi dudng thing BC cht dudng thing AC tai E va cht duong thing 4B tai F.
Goi D la giao diém ctia dudng thing BE véi dudng tron (O;R) (D khong tring véi B). Goi
I 14 giao diém ctia hai dudng thing AD va BC. Tiép tuyén tai 4 ctia duong tron (O;R) cit
dudng thing EF tai G.

1. Chimg minh ba diém F, D,C thing hang va tam gidc FAD ddng dang véi tam gidc FCB.

2. Chtrng minh G 13 trung diém ciia EF va tim vj trf ciia diém H trén doan thing
OC sao cho OI +4OH dat gié trj nho nhét.

3. Pudng thing qua B song song véi duomg thing FC cét duong thing CA tai S.
Goi K 1 giao diém ctia hai dudng thing FH vi AD. Chirng minh dudng thing OS song
song véi dudng thang CK.
Bai 4. (1,5 diém)

1. Tim tAt ca céc cip (x;p) nguyén duwong théa mén x* —2y* +2x—y—xy =21,

2. Cho 2026 sb nguyén duong a,,ay,...,dy. Chimg minh tn tai hai s nguyén duong

x,y théamén y > 1 va xp+a, chia hét cho x +a, v6i mgi s0 nguyén duong i tir 1 dén 2026.



Bai 5. (0,75 diém) Xét a, b, ¢ 14 ba sb thyc dwong théa man ab + be +ca = 3.
1. Chirng minh a+b+ ¢ 2 3.

Qa+b+c)’ +(2b+c+a)3 +(20+a+b)3

b+c c+a a+b

Bai 6. (0,75 diém) C6 8 “cht” meéo, mdi “chu” duge dit tén 1a mot day ky tyr thude vao tip
hop {000; 001; 010; 011;100;101; 110; 111} sao cho khéng c6 hai “chi” méo nao trung tén.
Hai “cht” méo goi 13 “/ién két”’ véi nhau néu trong déy ky t tén cia chiing, c6 ding mdt vi
tri, ma hai ky ty twong (g khéc nhau (vi dy: hai “chd” méo 000 va 001 dwgc goi 12 lién két
v6i nhau, nhung hai “cht” méo 000 va 011 thi khong duge goi 1a lién két véi nhau). Tim s
nguyén dirong & nhé nhét, sao cho trong & ““chii” méo phan biét dugc chon tiy ¥ tir 8 “chi”
meéo trén, ton tai 3 “chi” méo ma mot “chi” lién két voi hai “chu” kia.

2. Tim gié trj nho nhét cia biéu thirc P =




Chuong

CHUYEN TOAN NINH BINH 2026

| Baitap 1 ] (Lim Olympic - Ninh Binh - Bai 1)

@ Cho z,y, z 1a cac s6 thuc duong théa man z + y + z = 3. Chitng minh réang:
i 4 . 4 6
3x+yz 3y+zr 3z+zy (2+y)(y+2)(z+2)
@ Xét da thic P(z) = 2® — max + 1, véi m 1a mot s6 thye. Gia st da thitc P(x) c6 ba
nghiém thuec 1a a, b, c.

a) Ching minh abc = —1.
b) Tim tat ca cac gia tri ctia m dé a® + b° + ® = 19.

(£ Loi giai.
@Dé)’r3x+yz=(x+y+z)x+yz=(x+y)(x+z).
20 +2y+2
Thay vao ¢6 duge VT = Ty 2 = g = [P

@+y)y+2)(z+z) (e+yly+2)(z+2)
@ Piz)=2—mz+1=(z—a)(z—b)(z—c)=23— (a +b+c)x® + (ab+ bc+ ca)x — abe.
a) Bing dong nhat hé s6 ta ¢6 duge 1 = —abe hay abe = —1.
b) a® = ma — 1 nén a® = (ma — 1)*> = m?a® — 2ma + 1.
Tuong tu ¢6 a® + % + ® = m?(@®* + b* + ) —2m(a + b+ c) + 3.
Ngoairatacoa+b+c=0vaab+ bc+ ca=—m.
Do d6 a® +b* +c* = (a + b+ c)® — 2(ab + bc + ca) = 2m.
Tit d6 a® + 8° + ¢® = m?(2m) — 2m(0) + 3 = 2m® + 3.
Tit gia thiét c6 2m® + 3 = 19 nén m = 2, thit lai thiy thoa man.

[ Baitap 2 ] (Lim Olympic - Ninh Binh - Bi 2)
@ Giai hé phuong trinh:

4P +1)+v22-2=0

207y (1+ /42 +3) =a:+\/3z2+%

@ Mot doan thién nguyén du dinh chd 48 tan hang dé hudng ting phong trao "Huéng vé
Mién Trung than yeu". Khi chuan bi khéi hanh thi s6 hang héa ting thém 7 tan so véi
du dinh, do dé doan thién nguyén phai bo sung thém 3 xe, lic nay mdi xe chd it hon
dy dinh 1 tAn hang. H6i ban dau, doan thién nguyén du dinh dung bao nhiéu chiéc xe
dé chd hang, biét céc xe chd s6 tan hang bang nhau?
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) LM EDU
@ L gidi.
(1) Diéu kien xéc dinh: z > 0.
Dé thay = = 0 khong théa man dé nén x > 0.

Tfr2x2y(1+\/y2+3> =x+\/3x2+211—tasuyraduocy>0dox>0.

Chia 2 vé ctia phuong trinh thit hai cho z* ta dugc 2y (1 + 2+ 3) =

1
Dat = t > 0 ta dugc phuong trinh 2y(1 + v/y%2 +3) = 2t(1 + V2 + 3
%

hay 2y + 2y+/y? + 3 = 2t + 2tV2 + 3.
& Véiy >t > 0thi 2y + 2y\/y?> + 3 > 2t + 2tvVt2 + 3 (Vo 1i).
& V6i 0 <y <tthi2y+2y/y?2+3<2t+2tvVt2+3 (Vo li).

1 X
Vayy=t= 2zy =1, thay y = o0 vao phuong trinh dau ta dugce

1
4x3<@+1>+\/2 —2=0z+4 +V22 =2 (%)

. 1 1 1
<>Néuz>§thiVT(*)>§+§+1=2nénvéli.

g 1 1 1
<>Néu0<:1:<§th‘1VT(*)<§+§+1=2nénv61i.

& Néuz = % thi thoa man phuong trinh nén y = 1.
Vay hé phuong trinh c6 nghiém duy nhat z = %, y=1.
(2) Goi s6 xe ban dau doan dy dinh ding la z chiée (z € N¥).
Do d6, lugng hang dy dinh méi xe phai chd la: 1—8 (tan hang/xe).
Thyc té, s6 hang hoéa 1a 48 + 7 = 55 (tan).
S6 xe thyc té 1a: z + 3 (chiéce).

Luong hang thuyc té mdi xe chd la: il g (tAn hang/xe).
T

Theo dé bai, mdi xe thie té chd it hon dy dinh 1 tin hang, ta c6 phuong trinh:
48 59
T zT+3

Quy dong mau thitc véi diéu kien z > 0:

48(x + 3) — 55z = z(x + 3)

< 48z + 144 — 552 = x> + 3z
— 224+100—144=0

— (z-8)(z+18)=0
Viz > 0 nén z = 8. Vay ban dau doan thién nguyén dy dinh dung 8 chiéc xe.
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Chudng 1. Chuyén Toéan Ninh Binh 2026 LIM EDU
| Baitap 3 ] (Lim Olympic - Ninh Binh - Bai 3)
Cho tam giac ABC (AB < AC) noi tiép dudng tron (O; R) dudsng kinh BC'. Lay diém H
nam trén doan thang OC (H khong tring véi O va C). Dudng thang di qua H va vuong
gbc véi duong thdng BC' cit duong thang AC tai E va cit duong thing AB tai F. Goi D 1a
giao diém clia duong thang BE véi dudng tron (O; R) (D khong tring v6i B). Goi I 1a giao
diém ctia hai dudng thing AD va BC. Tiép tuyén tai A ciia duong tron (O; R) cit dudng
thang EF tai G.
@ Chitng minh ba diém F, D, C thang hang va tam giac FAD dong dang véi tam giac
FCB.
@ Chitng minh G la trung diém ctia EF va tim vi trf ctia diém H trén doan thing OC
sao cho OI + 40 H dat gia tri nho nhat.
@ Dudng thang qua B song song véi duong thang FC' cit duong thing C'A tai S. Goi
K la giao diém ctia hai dudng thang F'H va AD. Chiing minh dudng thing OS song
song véi duong thang CK.

M

(& L&i giai.
@ Ta thdy BD vuong géc DC do D thuoe (O) va BD vuong goc AC do E la tryc tam tam
gidac ABC nén F, D, C thang hang vdi FDA = FBC nén AFAD ~ AFCB.

(2) Tacé GAF = 180°—~GAO—OAB = 180°—90°— FBH = 90°—FBH = AFG nén GA = GF
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LM EDU
nén GAE = 90° — GAF = 90° — GFA = GEA nén GA = GE hay GF = GE = GA.
Do G la trung diém EF nén GA = GD = GF = GE hay G ndm trén trung tryc AD, két
hop OA = OD nén OG la trung triic AD nén OG vuong goc AD tai M nén OH - Ol =
OM - OG = OA? theo hé thitc luong.
Tu d6 OI +40H > 2vVOI -40H = 40A = 4R.
Dau bing xay ra khi OI = 40H = 40H? = R* = OH = R/2 = H la trung diém OC.

@ Dé c6 HF la phan giac géc AHDva DEla phan gidc géc ADH = AGK = AGE = 2ADE =
KDH (gbc noi tiép va goc ¢ tam trong dudng tron dudng kinh AH) nén AHDK ~ AHGA
(g.g) = HK - HG = HD - HA.

Lai dé ¢c6 AHBA ~ AHDC (g.g) nén HD-HA=HB-HC = HK-HG=HB-HC = K
1a trye tam ABGC = CK L BG (1).

Do BS//CF nén BSC = ACF = FBE va SCB = BFE nén ASBC ~ ABEF (g.g) 6 O0,G
lan lugt 1a trung diém BC, EF = ASBO ~ ABEG = SOB = BGE nén GBO + SBO =
GBH + BGE =90° = BNO = 90° hay BG L SO (2).

Tu (1) va (2) suy ra OS song song véi CK.

| Baitap 4 ] (Lim Olympic - Ninh Binh - Bai 4)

@ Tim tét ca cac cip (z;y) nguyén duong thoa man z? — 2y + 2x — y — xy = 21.

@ Cho 2026 s6 nguyén duong a,, as, . . ., Gsgee. Chitng minh ton tai hai s6 nguyén duong
x,y théa man y > 1 vd 2y + a; chia hét cho x + a; v6i moi s6 nguyen duong i tit 1 dén
2026.

(& Loi giai.
(D) Taco (@+y)(z—2y)+(z+y)+ (& —2y) +1=22 hay (x+y+1)(z — 2y + 1) = 22.

Cht ¥ z,y nguyén duong nén cé6 r+y+1=11vazrx—2y+1=2hodcz+y+1 =22 va
x —2y+ 1= 1. Giai cac truong hop ra c6 (z,y) = (7,3), (14, 7).

@ Chonz=1vay=1+ (a; +1)(az + 1)...(ag6 + 1).
Ta c6 y — 1 chia hét cho a; + 1 v6i moi i = 1,2, ..., 2026.
Do dé zy + a; chia hét cho z + a; v6i moi i = 1,2, ..., 2026.

| Baitap 5 ] (Lim Olympic - Ninh Binh - Bai 5)

Xét a, b, c 1a ba s6 thuec duong thda man ab + be + ca = 3.
(1) Chiing minh a +b+ ¢ > 3.
(2) Tim gi4 tri nhé nhat ciia biéu thic:
(2a+b+c)? N (26 +c+a)® (2c+a-+0b)3

P=
b+c c+a a-+b

@ Loi giai.
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Chudng 1. Chuyén Toéan Ninh Binh 2026 LIM EDU
@ Tacé(@a+b+c)>>3(ab+bc+ca)=9néna+b+c>3.
@ (2a+b+c)?®  8a*+6alb+c)(2a+b+c)+ (b+c¢)? a®

> N
A oo _8b+c+6a(a+3)+(b+c)

a’ b3

R c3 a b ct

= b+c+c+a+a+b: ab+ac+bc+ba+ca+cb
(a® + b2 + ¢?)? ., (ab+bc+ca)®  ab+bc+ ca
= 2ab + 2bc + 2ca ~ 2(ab+ bc +ca) 2 '

b+ b
Do déP28.%+8(a2+b2+cz)+18(a+b+c)+2(ab+bc—|—ca)

b

> 14(ab + bc + ca) + 18(a + b+ c) > 14.3 + 18.3 = 96.

Vay gia tri nhd nhat ctia P bang 96, dau bing chang han khi a = b= c¢ = 1.

| Baitap 6 ] (Lim Olympic - Ninh Binh - Bai 6)

C6 8 "cha" meo, mdi "cha" duge dat tén la mot day ky tu thuoec vao tap hop
{000; 001;010;011; 100; 101; 110; 111} sao cho khong c¢6 hai "chi" meo nao trung tén. Hai
"chi" meo goi 1a "lién két" v6i nhau néu trong day ky tu tén ctia ching, c6 ding mot vi tri
ma hai ky tu tuong ting khac nhau (vi du: hai "cha" meo 000 va 001 duge goi la lien két
vdi nhau, nhung hai "cha" meo 000 va 011 thi khong duge goi 1a lién két v6i nhau). Tim s6
nguyén duong k nhé nhat, sao cho trong k "chi" meo phan biét duge chon tuy ¥ tir 8 "cha"
meo trén, ton tai 3 "chd" meéo ma mot "chid" lién két véi hai "cha" kia.

@ Loi giai.
Xét tap hop gom 4 chit meo thuoe nhém A = {000;011;101; 110}.
Dé ¥ khong c6 2 chit meéo nao lien két v6i nhau, do dé k > 4, tic k > 5.
Ta sé chiing minh ring k& = 5 1& s6 nguyén duong nh6 nhat thoa man yéu cau dé bai.
Gia sit phan chiing ring mdi chtt meo trong nhém 5 chii da chon sé lien két véi nhiéu nhat 1 cha
meo khac ctia nhom nay.
Dé y mdi chii meo lién két v6i ding 3 chii meo khéc trong 8 chi meo, ching han 000 chi lien két
véi 001,010, 100,
Ta sé tinh tong s6 lugt lien két tit 5 chit meo duge chon bing 2 cach:
Cach 1: Mai chii meo lién két 3 chii meo khac nén tong s6 luct lien két 1a
5x3=15
Cach 2: Ta chia thanh hai nhém:
& Lién két gitta hai chit meo cuing thuoc nhém 5 chit meo: Goi x 1 s6 lien két nam trong nhoém
nay, vi méi lien két duge tinh 2 lan (2 chit meo thudc nhom) nén tong s6 luct lien két 1a 2z.
& Lién két gitta mot chit meo thudoe nhém va mot chti meéo ngoai nhém: Goi y 1a s6 lién két ndi
gitta 1 chtt meo thude nhém véi 1 chti meo ngoai nhém, khi dé6 méi lien két nay chi c6 1 dau
nam & trong nhém nén chi duge tinh ding 1 1an, tidc bang y.
Do d6 ta suy ra dugc 2x +y = 15.
Vi mdi chtt meo trong nhém lien két véi t6i da 1 chit meo khac thuoc nhém nén z < [5/2] = 2.
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Y LIM EDU

ﬁ(i)/ichﬁ meo ngoai nhém lién két t6i da 3 chit meo khac, do d6 s6 lien két tit ngoai nhém vao trong
nhém sé khong vuot qua 3 x 3 =9 hay y <09.

TUd6 15=2r+y < 2.2+9=13, v ly.

Do d6 gia sit phan chitng 1a sai, suy ra gia tri nho nhat ctia & 1a 5.
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