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Su déng bién nghich bién ctia ham sé

@ Pinh nghia

trén K, ta cé

f(z1) < f(22).

f (1) > £ (22).

Ham s6 dong bién hodc nghich bién trén K duoc goi chung la don diéu trén K.

© Dinh nghia 1.1. Ky hiéu K 1a khodng hodc doan ho#ic ntta khodng. Gid st ham s6 y = f(z) xdc dinh
& Ham s6 y = f(r) dugc goi la déng bién (ting) trén K néu véi moi z1,70 € K, 1 < xo thi

& Ham s6 y = f(z) duge goi 1a nghich bién (gidm) trén K néu véi moi x1,20 € K, 21 < zo thi

© Nhan xét.

Khi d6 dd thi ctia ham sb di xudng tit trai sang phai.

«

Néu f'(z) > 0, Vz € (a;b) thi ham s6 f(x) dong bién trén khoang (a;b).

K «

Néu f/(z) =0, Vz € (a;b) thi ham s6 f(x) khéng dbi trén khoang (a;b).

«

Néu ham s6 f(z) dong bién trén khoang (a;b) thi f/(z) > 0, Va € (a;b).

Q «

s6 f(z) lién tuc trén doan hodc ntta khoang d6”.

N
™ Ham s6 f(z) dong bién trén K khi va chi khi
f (@s) = f (1) ’
S I 0, Vx1,20 € K, 21 # To.
T2 — T1 O
Khi d6 do thi ctia ham sb di lén tit trai sang phai. v
@ Ham s6 f(z) nghich bién trén K khi va chi khi
f (@s) = f (@1) ’
L2 PV 20, Vo, @ € K, 21 # .
T2 — I
O T

Néu f'(z) <0, Vo € (a;b) thi ham s6 f(z) nghich bién trén khoang (a;b).

Néu ham s6 f(z) nghich bién trén khodng (a;b) thi f'(x) <0, Va € (a;b).

Néu thay ddi khoang (a;b) bang mot doan hodic nita khoang thi phai bé sung thém gia thiét “ham

"Trén buéc dusng thanh céng khéng cé dau chan cia ké luci biéng"
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1. Su dong bién nghich bién ctia ham sb

@ Quy tdc tinh dao haim
Cho u = u(z), v = v(z) va C 1a hing sb.
& Tong, hitw: (u+v) =u £

™ Tich: (wv) =vv+v'u= (C-u) =C-u.

u v —v C

& Thuong: (%), = —w’ (v#0) = <_>, = _

v?2 U

C-u

u2

™ Dao ham ham hgp: Néu y = f(u) v6i u = u(z) thi y, =y, - ul

@ Cong thire tinh dao ham ham phan thire

+b ar+b\’ ad — be
Y = (cx +d)?

cx+d cx+d
bl , a c b ¢
! ! / x + 2 / / x + / /
& o ax? +bx +c N ,_(ax2+bx+c>_a b a c voc
y= a'v2+br+c C\dz2+bx+c) (a’x2+b’x+c’)2
Bdng cdng thirc tinh dgo ham
Ham so cip Ham hgp
(C) =0, (Clahang sd)
(z*) = a -z ! (u®) = a-u*t o
1y 1 1y W
<;> =T (z #0) <E L (u#0)
1 u’
! = —, > 0 ! - 5 > O
VA =5 (>0 (Vi =5 (>0
(sinz) = cosx (sinu) =u'-cosu
(cosz) = —sinz (cosu) = —u' -sinu
1 o
r_ r_
(tan z)" = cos? (tan ) cos?
1 /
(cotx) = ——— (cotu) = — 'u2
sin® z. sin® u
(sin"x) =n-sin" "l cosx (sin"u) =n-u -sin® "L u - cosu
(cos"z) = —n-cos" 'z -sinx (cos™u) = —n -’ - cos” Lu-sinu
1 1
I _ -1 r_ / -1
(tan™z) =n-tan™ "z - g (tan™u) =mn-u' -tan™" " w - T
1 1
(cot"z) = —n-cot" 1tz — (cot™u)' = —n-u' - cot" T u - —
SIN~7r SN~ 1
(e") =e" (e¥) = - et
(a®) =a® -Ina (a*) = -a*-Ina
1 o
(nfal) =2, (@#0) (nfuly = £, (@ #0)
1 /
1 == 0 1 = 0
(log, |ol) = —— (2 #0) (log, [ul) = —"— (u#0)

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

@© Pao ham cép hai
1. Dinh nghia

@) =11 @)

2. Y nghia co hoc

Gia toc titc thdi ciia chuyén dong s = f(t) tai thai diém to 1 a (to) = f” (to).

3. Dao ham cép cao

f™@) = 1" V@), (neNn>2).

Mét s chi y

@ Néu ham s6 f(x) va g(z) cting dong bién (nghich bién) trén K thi ham s6 f(z) + g(z) cling dong bién
(nghich bién) trén K. Tinh chit nay c6 thé khong ding déi véi hidu f(x) — g(z).

@ Néu ham s6 f(x) va g(x) 1a cdc ham s6 duong va ciing dong bién (nghich bién) trén K thi ham sd f(z)-g(z)
ciing dong bién (nghich bién) trén K. Tinh chat nay c6 thé khong ding khi céc ham s6 f(z), g(x) khong

1a cédc ham sé duong trén K.

N

© Nhan xét. Cho ham s6 u = u(x) x4c dinh v6i moi = € (a;b) va u(x) € (¢;d). Him s6 f [u(x)] ciing x4c
dinh véi x € (a;b).
™ Gid stt ham s6 u = u(x) dong bién v6i x € (a;b). Khi d6, ham s6 f [u(z)] dong bién v6i x € (a;b) khi
va chi khi f(u) dong bién véi u € (c;d).
@ Gia st ham s6 u = u(x) nghich bién véi z € (a;b). Khi d6, ham sb f [u(x)] nghich bién véi z € (a;b)
khi va chi khi f(u) nghich bién véi u € (c;d).

@ Quy tdc xét tinh don diéu clia ham sb
Gia stt ham s6 f c6 dao ham trén K.
@ Néu f'(z) >0, Vz € K va f'(x) = 0 chi tai mot s6 hitu han diém 2 € K thi ham s6 f dong bién trén K.

& Néu f/(z) <0, Vo € K va f'(x) = 0 chi tai mot s6 hitu han diém = € K thi ham s6 f nghich bién trén K.
— A N

ar+b
cx+d’

& Déi v6i ham phan thirc hitu ti y = (:1; + —g> thi ddu “=" khi xét ddu dao ham 3’ khong x3y ra.
c

™ Gidsty= f(z) =az®+ bz’ +cx+d = f'(z) = 3az® + 2bz + c.

[ [a>0
e
fl(x)>0,VxeR& | [a=0

b=0
c> 0.

© Ham sb dong bién trén R khi va chi khi

"Trén budc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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2. Cuc tri ham sé

© Ham sb nghich bién trén R khi va chi khi

[ [a <0
o
f(x)<0,VzeR& | [a=0

b=0
c<0.

Trudng hop a = b = 0 thi ¢ phai khdc 0. Vi néu a = b =c = 0 thi f(z) = d c6 dd thi Ia dusng
thing song song hoic triing véi Oz nén khéng don diéu.
& V6i dang toan tim tham s& m dé ham s6 bac ba don diéu mét chiéu trén khoang cé d6 dai bing ¢ ta giai
nhu sau
® Buéc 1. Tinh ¢/ = f/(x;m) = az? + bx + c.
© Budc 2. Ham sb don diéu trén (x1;x2) khi va chi khi ¢/ = 0 c6 2 nghiém phan biét. Diéu kién

a#0
tuong duong |a (%)
A > 0.
© Budc 3. Ham s6 don diéu trén khodng c6 do dai bang ¢ khi va chi khi

|21 — @o| =0 & (21 4 22)° —dwy3 = 2 & S2 — 4P = 2. (%)

© Budc 4. Gidi (%) va giao véi () dé suy ra gia tri m can tim.
\ —

@ Cuc tri ham sb

@ Pinh nghia

Gid st ham f xéc dinh trén tap K va xy € K. Ta ndi

& zo 1a diém cyc tiéu ciia ham s6 f néu ton tai mot khodng (a;b) chita x¢ sao cho (a;b) C K va
f(x) > f(zo), Vo € (a;b) \ {zo}. Khi d6 f(xq) dugc goi 1a gid tri cuc tiéu ctia ham s6 f.

& x4 1a diém cyc dai ciia ham s6 f néu ton tai mot khoang (a;b) chita x sao cho (a;b) € K va f(z) <
f(x0), Yz € (a;b) \ {xo}. Khi d6 f(z0) dudc goi 1 gid tri cye dai clia ham s6 f.

™ Diém cuc dai va cuc tiéu goi chung 1a diém cyc tri ctia ham sb va diém cuc tri phai 14 mot diém trong
tap hop K.
& Gi4 tri cuc dai va gid tri cuc tiéu goi chung 1a gia tri cyc tri (hay cyc tri) clia ham sb.

& Néu g la diém cuc tri ctia ham sb thi diém (zo; f(20)) duge goi 1a diém cuc tri ctia dd thi ham s6 f.

N
@ Nhan xét.

& Gia tri cuc dai (cuc tiéu) f(xo) néi chung khong phai 1a gia tri 16n nhat (nhd nhat) ctia ham s6 f trén
tap Z; f(xo) chi 1 gia tri 16n nhat (nhé nhat) ctia ham sb f trén mot khodng (a;b) nao dé chita g
hay néi cach khic khi zg 1a diém cuc dai (cuc tiéu) sé ton tai khodng (a;b) chtta xg sao cho f(zg) la
gi4 tri 16n nhat (nhé nhat) ctia ham sé f trén khodng (a;b).

& Ham sb f c6 thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén tdp K. Ham s c6 thé khong cé cuc tri
trén mot tap cho trude.

A\ - |

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

@ Minh hoa db thi

V6i (a;b) 14 khoang chtta tat ca cdc s6 thic théa a < z < b.

Yy Yy
(c3 f(c))
(CIE ‘
} f(e) ‘
| |
o) ‘c T o) ‘c x
Ham s6 f dat cuc dai tai z = ¢ Ham s6 f dat cuc tiéu tai z = ¢

© Mot s6 diém cén lvu y

«

N A 3 . . N 2 . 2. P
Ham s6 f ¢6 cuc tri khi va chi khi ¢ doi dau. Y
Piém cuc dai cua
a6 thi Gié tri cuc dai (o

\ dai) ctia ham sé

Yep

Q

Ham s6 f khong cé cuc tri khi va chi khi ¢ khong déi dau.

«

Ham s6 f chi ¢6 1 cuc tri khi va chi khi 3/ ddi dau 1 lan.

|
|
|
@ Ham s f ¢6 2 cuc tri (cyc dai va cyc tieu) khi va chi khi 3/ doi dau 2~ Piém cue dai cifa | Piém cy tié
. * ° * ° * ham sé | cta ham sé
lan. !
! a¥e
® Ham s6 f ¢6 3 cyc tri khi va chi khi 3/ doi dau 3 lan. 2o | O \/ w
|
X 2,0 A N X S \ N A 2 ’ 2 . . ~, !
@ Déi v6i mot ham s6 bat ky, ham s6 chi cé thé dat cuc tri tai nhitng vor b — - - N
2 N R a in M R N P S A\
diém ma tai d6 dao ham triét tiéu hodc dao ham khong xac dinh. Gid tri cve tidu (e Pidm cye tidu cia
tiéu) céia ham sé dd thi

@ Céch goi tén: cuc tri, diém cuc tri ciia ham s6, diém cuc tri ctia d6 thi
ham s6,. ..

Piéu kién can dé ham sé dat cuc tri

Gié sit ham s6 y = f(x) dat cuc tri tai diém xo. Khi d6, néuy = f(x) c6 dao ham tai diém xq thi f'(xq) = 0.

(& Chay.
& Dao ham f’(x) ¢ thé bang 0 tai diém zo nhung ham s6 f khong dat cuc tri tai diém .
& Ham sb c6 thé dat cuc tri tai mot diém ma tai dé ham s6 khong c¢6 dao ham.
@ Ham s6 chi ¢6 thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham sé bang 0 hodc tai d6 ham sb

khong c6 dao ham.

@ biéu kién dt dé ham sé c6 cyc i

— IR

Gia sit ham s6 f dat cuc tri tai diém xo. Khi d6, néu ham sé f c6 dao ham tai diém xzq thi f'(zo) = 0.

& Néu f'(z) > 0 trén khodng (xo — h;xo) va f'(x) < 0 trén khoang (zo; o + h) thi zo la mot diém cuc
dai ctia ham s6 f(z).

& Néu f'(x) < 0 trén khodng (zo — h;zo) va f'(x) > 0 trén khodng (wo; zo + h) thi zo 1a mot diém cuc
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2. Cuc tri ham sé

L tiéu ciia ham s6 f(x). |

Quy téc tim cuc tri
1. Quytac1l

Dé tim cuec tri cia ham s6 y = f(z) ta thuc hién theo cdc budc sau
® Budc 1: Tim tap xdc dinh. Tim f/(z).

& Buéc 2: Tim céc diém z; (i = 1;2;...) ma tai d6 dao ham ciia ham s6 bing 0 hogc ham s6 lién tuc nhung
khong co dao ham.

@ Buéc 3: Lap bang bién thién hoic bang xét dau ctia f'(x). Néu f'(x) doi dau khi di qua z; thi ham s
dat cuc tri tai x;.

— IR

Gid stt ham s6 y = f(x) c6 dao ham cap hai trong khoang (xo — h;xo + h) véi h > 0. Khi dé

™ Néu f'(x¢) =0, f"(x0) < 0 thi ham s6 f dat cuc dai tai x.

& Néu f'(xz¢) =0, f"(x0) > 0 thi ham s6 f dat cuc tiéu tai xq.

N\

T dinh 1f trén, ta c6 mot quy tic khac dé tim cuc tri cia ham sb.

2. Quy tic 2

Dé tim cuc tri ctia ham s6 y = f(x) ta thuc hién theo cic budc sau
® Budc 1: Tim tap xdc dinh. Tim f/(z).
@ Budc 2: Tim céc nghiém z; (i = 1;2;...) clia phuong trinh f/(z) = 0.
& Budc 3: Tinh f”(z) va tinh f”(z;).

® Néu f"(x;) <0 thi ham s f dat cuc dai tai diém x;.

® Néu f"(x;) > 0 thi ham s6 f dat cuc tiéu tai diém ;.

@ Mét s dang toén lién quan dén cyc tri ham sb

1. Cuc tri cia ham sé bac ba y = ax® + bx? + cx + d, (a # 0)

Tim diéu kién dé ham sé cé cuc dai, cuc tiéu thda mén hoanh dé cho truéc.

1) Bai toan tong quat
Cho ham s6 y = f(z;m) = az® + bx? + cx + d. Tim tham s6 m dé ham s c6 cuc dai, cuc tiéu tai 1, 2o
thoéa man diéu kién K cho trude.
Phuaong phap
& Budc 1: Tap xic dinh 2 = R.
Dao ham ¢’ = 3a2? + 2bz + c = A2? + Bz + C.

& Budc 2: Ham sb c6 cuc tri (hay cé hai cuc tri, hai cuc tri phan biét hay cé cuc dai va cuc tiéu)
khi v& chi khi 3/ = 0 ¢6 hai nghiém phan biét va 3’ d6i diu qua hai nghiém dé.
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

Phuong trinh 3’ = 0 ¢6 hai nghiém phéan biét khi va chi khi

:>m€@1.

A=3a#0 a#0
g
Ay = B? — 4AC = 4b* — 12ac > 0 b? — 3ac >0

& Buéc 3: Goi x1, T2 1a hai nghiém ctia phuong trinh ¢ = 0. Khi d6

g n B 2b
=X 95 S —o0—0> = ——
! 2 A 3a
C c
P: = — = —,
T A 3a

& Budc 4: Bién déi dicu kién K vé dang tong S va tich P. Tit d6 giai ra tim duge m € Zs.
& Buéc 5: Két luan cac gia tri m théa man m € 2, N P.

— A N

Ham s bac ba y = az® + bz? + cx + d (a #0). Ta cbé 3y = 3azx? + 2bx + c.

® Ham sb khong c6 cuc tri khi b2 — 3ac < 0.

& Ham sb c6 hai diém cuc tri khi b2 — 3ac > 0.
\ e

2) Diéu kién dé ham sb cé cac diém cuc tri cung dau, trai dau.
& Ham sb c6 hai diém cuc tri trai dau khi va chi khi phuong trinh 4/ = 0 ¢6 hai nghiém phan biét trai

dau, ttc 1a
A-C=3ac<0sac<0.

@ Ham s6 c6 hai diém cuc tri cing dau khi va chi khi phuong trinh ¢/ = 0 ¢6 hai nghiém phan biét
cling dau, tic 13
Ayl >0

C
P=x1x2:2>0.

& Ham s6 c6 hai diém cuc tri cing ddu duong khi va chi khi phuong trinh 3’ = 0 ¢6 hai nghiém duong
phéan biét, tic 1a
Ay/ >0

B
S=$1+$2:—Z>O

C
P=$1$222>0.

& Ham sb cé hai diém cuc tri cing ddu am khi va chi khi phuong trinh 4’ = 0 ¢6 hai nghiém 4m phéan
biét, tic 1a
Ay/ >0

B
S=$1+$2:—Z<0

C
P=$1$222>0.

T < o< T2
3) Tim diéu kién dé ham s cé hai diém cuc tri 1, x5 théa man ( z; < z2 <

a< T < Ta.
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2. Cuc tri ham sé

& Hai diém cuc tri 21, 2 thda man z; < a < x5 khi va chi khi

(r1 — a)(ry — a) < 0 o123 — a(z; + 22) +a? < 0.

& Hai diém cuc tri 21, 2 thda man z; < z2 < a khi va chi khi

{(xl—a)(mg—a) >0 {azlxz—a(azl +x3) +a >0
-

T+ 19 < 200 T+ T < 20

& Hai diém cuc tri 21, 2 thda man o < z; < x5 khi va chi khi

{(:L‘l—a)(mg—a) >0 {azlxg—a(asl +x9) +a® >0
=

T+ 9 > 200 T+ x9 > 200

92  Tim diéu kién dé db thi ham s6 cé céc diém cuc dai, cuc tiéu ném ciing phia, khéc

phia so véi mét dudng théng.

1) Vi tri twdng d6i cha hai diém véi dudng thang.
Cho hai diém A(x4;y4), B(xp;yp) va dudng thing A: az + by 4+ ¢ = 0.

& Néu (aza+bya +c)(axp +bys +C) < 0 thi hai diém A, B nim vé hai phia so véi dudng thing A.
& Néu (axs +bya +c)(axp +byp + C) > 0 thi hai diém A, B ndm cing phia so v6i dudng thing A.

2) Mot sb truang hgp dac biét.

@ Céc diém cuc tri ctia do thi nam ciing vé mot phia dbi véi truc Oy khi va chi khi ham s6 ¢6 2 diém
cue tri cing dau, ttc 14 phuong trinh 3’ = 0 c¢6 hai nghiém phan biét ciing dau.

@ Céc diém cuc tri ctia dd thi nim cling vé hai phia déi v6i truc Oy khi va chi khi ham s6 c6 2 diém
cuc tri trai dau, ttc 1a phuong trinh 3’ = 0 c¢6 hai nghiém trai dau.

& Céc diém cuc tri ctia do thi nim cing vé mot phia dbi v6i truc Oz khi va chi khi phuong trinh
y’ = 0 ¢6 hai nghiém phan biét va yop - yor > 0.
Dic biét
@ Céc diém cuc tri cia d6 thi ham s6 ndm cing vé phia trén déi v6i truc Oz khi va chi khi
. L A v JYep yer >0
phuong trinh 3’ = 0 ¢6 hai nghiém phan biét va
ycop +yor > 0.
@ Céc diém cuc tri ciia d6 thi ham sé nidm cing vé phia dudi dbi v6i truc Oz khi va chi khi
. s o v JYep ycr >0
phuong trinh 3’ = 0 c¢6 hai nghiém phan biét va
yop + yer < 0.
@ Céc diém cuc tri ciia do thi ham sé ndm vé hai phia déi v6i truc Oz khi va chi khi phuong trinh
y' = 0 ¢6 hai nghiém phan biét va ycp - yor < 0.
(Ap dung khi khéng nhdm dugc nghiém va viét duge phuong trinh duong thing di qua hai diém
cyc tri ctia do thi ham sb).
@ Hoic cic diém cuc tri ciia dd thi ham s6 ndm vé hai phia déi v6i truc Oz khi va chi khi d6 thi
cit truc Oz tai ba diém phan biét (khi nham duge nghiém) hay phuong trinh hoanh d6 giao diém
f(z) = 0 ¢6 3 nghiém phéan biét.
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

1) Phuadng trinh dudng thing qua cac diém cuc tri.

20 2b2 bC o y/ o y . y/ . y
g(ﬁC):(?—g—a).’E—}—d—— hoac g(aj):y— ™ hoac g(x): _W

2) Khoang cach giita hai diém cuc tri ctia d6 thi ham sé bac ba la

/ 3 2
AB — 4e + 16e véi e — b 3ac.
a 9a

2. Cuc tri cha ham sb bac bén trung phuong y = ax* + bx? + ¢, (a # 0)

1) Mat sb két qua can nhé.

@ Ham sb c6 mot cue tri khi va chi khi ab > 0.
@ Ham sb cé ba cuc tri khi va chi khi ab < 0.
\ A 7 7/ A . \ . \ o2 . N 2 . a > O
& Ham s6 c6 ding mot cuc tri va cuc tri 1a cuce tiéu khi va chi khi b
>0.
N £ 7 7 A . N . N . . \ kd . a < 0
® Ham s6 c6 ding mot cuc tri va cuc tri 1a cuce dai khi va chi khi ,
<0.
N L 7 . - 2 Y A . . N 2 . a > 0
@ Ham s6 c6 hai cuc tieu va mdt cuc dai khi va chi khi
b<0.
a<0

& Ham sb c6 mot cuc tiéu va hai cuc dai khi va chi khi {b
> 0.

2) M6t sb cong thirc tinh nhanh.

R B . /b A /b A
Gia stt do thi ham s6 y = az* + bx? + ¢ ¢6 3 diém cue tri 1a A(0;¢), B[ —\/—=—;—— |, C —_
2a° 4a 2a"  4a

tao thanh tam gidc ABC théa man diéu kién ab < 0.

— o b3
bit BAC =« thi|cot? — = ——|.
2 8a
a>0,b<0 Cong thitc
Y
b b
/ : 1 = —\/ -3, T2 = —5 A(07C)7
s s a a
B C b A b A
b (‘V_%’_E)’ C( ‘57‘5)‘
— 3
Dit BAC = « thi | cot? & _ s )
2 8a
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MOT SO CONG THUC GIAI NHANH
LIEN QUAN DEN BA PIEM CUC TRI CUA PO THI HAM BAC BON TRUNG PHUGNG
STT D@ Kién Cong thitc thod man ab< 0 vac#0
1 Tam gidc ABC vudng cén tai A b} = —8a
2 Tam gidc ABC déu b3 = —24a
3 | Tam gidc ABC c6 dién tich Saapc = So 320 (S9)° +b° =0
b5
4 Tam gidac ABC cé dién tich mazSy So=1\—55=3
32a3
. b?
) Tam gidc ABC c6 ban kinh duong tron ndi tiep r= 73
TAABC = T0 4|al (1 +1/1- —)
8a
s , , , N N .4 b3 — 8a
6 Tam giac ABC cé ban kinh dudng tron ngoai tiep = le
a
Raapc =R
7 Tam gidc ABC ¢6 36 dai canh BC = myg am3 +2b=0
8 Tam gidc ABC c6 do dai canh AB = AC = ny 16a%n2 — b* +8ab =0
9 Tam gidc ABC c6 cuc tri B,C € Ox b? = 4ac
10 | Tam gidc ABC c6 3 gbc nhon b(8a+b*) >0
11 Tam gidc ABC c6 trong tam O b? = 6ac
12 Tam gidc ABC c6 truc tdm O b3 + 8a — 4ac =0
13 Tam gidc ABC clng diém O tao thanh hinh thoi b? = 2ac
14 Tam gidc ABC ¢6 O 1a tam dudng tron noi tiép b3 — 8a — 4abc = 0
15 Tam gidc ABC ¢6 O la tam dudng tron ngoai tiép b3 — 8a — 8abc = 0
16 Tam gidc ABC c6 canh BC = kAB = EAC b3 - k? — 8a (k2 — 4) =0
17 Truc hoanh chia tam gidc ABC thanh hai phan c6 b? = 4v/2|ac]
dién tich bang nhau
18 | Tam gidc ABC c6 diém cuc tri cach déu truc hoanh | b? = Sac
\ . R Lz < 9, o 2 A 2 A
19 Phuong trinh dudng tron ngoai tiep AABC la x° + y* — 7 1a +cly+ec 7 1) = 0
a a

@ Th.S Ha Huy Hoang - BT: 097. 125. 8386

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"




fb.com/hoangdhtb
hoangtaybac.edu.vn

Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

Gid tri I6n nhét - Gid tri nhd nhét

@ Pinh nghia
flz) < M,Yx e P

1) S6 M dugc goi la gid tri lén mhat ciia ham sé y = f(z) trén 2 néu
dxg € I, f(xo) = M.

Ki hiéu: M = .
{ hiéu max f(z)

flx)>m\NVeeP

2) S6 m dugc goi la gid tri nhé nhdt ciia ham s6 y = f(x) trén 2 néu
Jzg € I, f(xo) =m.

Ki higu: m = min f(z).

@ Phuong phép tim GILN, GTNN

1. Tim GTLN, GTNN ciia ham s bang cach khao sat truc tiép
& Tinh f/(x) va tim cac diém 1, zs, ..., T, € 2 ma tai d6 f'(z) = 0 hodc ham s6 khéng c6 dao ham.
@ Lap bang bién thién va tit d6 suy ra gia tri 16n nhat, gia tri nho nhat ctia ham s6.

2. Tim GTLN, GTNN cGia ham sb trén mét doan

@ Ham sb6 da cho y = f(z) x4c dinh va lién tuc trén trén doan [a; b].

& Tim cic diém z, 2o, ..., x, trén khodng (a;b), tai d6 f'(x) = 0 hodic f'(z) khong xac dinh.
& Tinh f(a), f(z1), f(x2), ..., f(x,), f(b).
& Khi dé6

© max f(v) =max{f(21), f(w2),.... f(an), f(a), f(D)}-

©) Join f(z) = min{f(z1), f(z2),.... f(on), f(a) F(B)}-

3. Tim GTLN, GTNN ctia ham sé trén mé6t khoang
@ Tinh dao ham f'(z).
@ Tim tat cd cdc nghiém z; € (a;b) clia phuong trinh f/(z) = 0 va tat ci cic diém a; € (a;b) lam cho f/(x)
khong xac dinh.
® Tinh A= lim f(z), B = Jim f(@), f(zs), flow).

Tr—a
@ So sdnh cdc gia tri va két ludn M = max f(z), m = min f(x).
z€(asb) z€(a;b)

4. Néu gia tri 16n nhat (nhé nhit) 1a A hodc B thi ta két ludn ham sé khéng cé gia tri 16n nhit (nhé
nhat)

—KE3A

™ Néu y = f(z) dong bién trén [a;b] thi rer}ir.lb] f(z) = f(a) va rél[a?i]f(x) = f(b).

™ Néu y = f(z) nghich bién trén [a;b] thi m[inb]f(x) = f(b) va m[a:%]f(x) = f(a).
xE|a; xe|a;

& Ham sb lién tuc trén mdt khoang cé thé khéng cé gia tri 16n nhat, gia tri nhd nhit trén khoang dé.
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4. Dudng tiém cAn ctia ham sé

& Ngoai phuong phép diing dao ham, ta c6 thé dung phuong phap MGT, BDT, ...

Pudng tiém can clia ham sé

@ Puong tiém cén ngang

Cho ham s6 y = f(z) x4c dinh trén mot khodng vo han (1a khodng dang (a;+00), (—oo;b) hofic (—o00;+00)).
Dudng thing y = y 14 dudng tiém can ngang (hay tiém cdn ngang) ciia dd thi ham s6 y = f(x) néu it nhat
mot trong cac dieu kién sau duge théa man: lim f(x) =y, lim f(x) = yo.

T—+00 T—r—00

@ Puong tiém can dirng

Dudng thing = = z¢ duge goi 1a dudng tiém can ding (hay tiém can dimg) ctia dd thi ham s6 y = f(x) néu
it nhat mot trong cac diéu kién sau théa man:

lim+ f(z) = +o0, lim f(z) = —o0, 1im+ f(z) = —o0, lim f(x)= +ooc.

T—=Tg T—Tq T—T T—T(

N b .
Luu y: V6i do thi ham phén thiic dang y = aa:-—i_i— p (¢ # 0;ad — be # 0) ludn c6 tiém cdn ngang la dudng thang
cx

a . d
y = — va tiém can ding la dudng thang © = ——.
¢ c

Khdo st su bién thién va vé dé thi ham sb

@ Khdo sét mét s6 ham da thirc va ham phan thirc

1. Ham sé bac ba y = az3 + bz% + cx + d (a # 0)

«

Tap xéc dinh 2 = R.

«

Tinh 3 va cho ¢y =0 (v = 0 hodc ¢é 2 nghiém, hodc cé nghiém kép, hodc vé nghiém).

Qq

Tinh céc giéi han xEI—Poo f(x), Jim f(z).

Q

Lap bang bién thién
@ Néu y' =0 c6 hai nghiém thi dau cia y' 1a “Trong trai ngoai ciing”.
® Néu y' =0 cd nghiém kép thi dau cia y' 1a “Luén ciing dau véi a” (ngoai tri tai nghiém kép).

® Néu y =0 v6 nghiém thi ddu cia ' 13 “Ludn ciing diu véi a”.
™ Két luan

® Tinh chat don diéu ctia ham sb.

® Cuc tri clia ham sb.
& Tinh y” va cho ¥ = 0. Suy ra diém udn.
@ Chon hai diém dic biét ctia do thi.

@ Vé d6 thi: Do thi ¢6 6 dang va luén luén nhan diém udn lam tam dbi xing.
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

€62 /5\/ : \j/\ :
nghiém

C6 nghiém j k

kép 6 x o _\ x

V6 nghiém 0

2. Ham sb trung phuong y = azx* + bx? + ¢ (a # 0)
@ Tap xac dinh 2 = R.
& Tinh ¢’ va cho vy =0 (y =0 hodc ¢6 3 nghiém, hodc ¢é 1 nghiém vd luon c¢é nghiém x = 0).
@ Tinh céc gi6i han zgrfoof(x), xEI—noo f(x).
@ Lap bang bién thién: “Bén phdi bing bién thién, ddu y' luon luon cing dau vdi a”
& Két luan

® Tinh chat don diéu ctia ham sb.

® Cuec tri ctia ham sb.
& Chon hai diém diic biét ctia do thi.

@ Vé do thi: Do thi ¢6 4 dang va ludn luén nhan truc tung lam truc déi xing.

y =0 a>0 a<0
Yy Y

c}?fa % ) /\O /\w
gl v avad NAAN

Y y

Sol O\

(0] T
nghiém \J
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5. Khéo sat su bién thién va vé d6 thi ham sb

(¢ # 0,ad — bc # 0)

@ Tap xéc dinh 2 =R\ {—C—l}

c

, , ad—bc ,,.  _ . A
@ Tinh ¥y = ——— (¥ hodc luon duong, hodc luén am Vz € 2)

(cx +d)?
® Dudng tiém cin:
5 d
© Tiém cén ding 13 dudng thang x = —— vi lim y=...vdA lim y=...
e ey ()

@ Tiém can ngang la duong thing y = 2 lim Y= 2
C r—+o0 cC

& Lap bang bién thién: Nhé: Khi z — oo thi y — .
C

“Nghia la hai dau bing bién thién la gid tri cia tiém cdn ngang”
™ Két luan

® Ham sb luon dong bién trén timg khoadng xac dinh hodc luén nghich bién trén timg khodng x4c dinh.

® Ham s6 khong cé cuc tri.
@ Chon it nhit 4 diém dic biét ctia dd thi va phai c6 toa d6 giao diém ctia dd thi véi 2 truc toa do.

& Vé do thi: Do thi ¢6 2 dang va ludn luén nhan giao diém ctia hai dudng tiém can lam tam déi xing.

ad —bec >0 ad —bec < 0
Yy I Y |

I I

I I

I I

@ Db thj ham chira du tri tuyét déi
1. Dang 1: (C'): y = f(|z])

f(zx) khi z >0

Tacoy = f(|z|) = {f(—w) khi z < 0
O Céch v& (C') tit (O):

vay = f(|z]) 1A ham chan nén do thi (C’) nhan Oy lam truc dbi xtng.

™ Giit nguyén phan do thi bén phai Oy ctia do thi (C): y = f(x).

& B phan d6 thi bén trai Oy ciia (C), lay dbi xting phan dd thi dugc git qua Oy.

y z
4—_| |____|
o] | ol
1 3 T -3 -1 1 3 z
(C): y=a3—6x+ 9z (C"): y = |z|> — 622 + 9|z
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

2. Dang 2: (C'): y = |f(x)|
Tt d6 thi (C): y = f(x) suy ra do thi (C): y = |f(x)].

Tacby— f(a) — f(2) khi z > 0
FEOVEUYITY sy khiz <o

O Céch veé (C') tix (O):

™ Giit nguyén phan do thi phia trén Oz ciia d6 thi (C): y = f(z).

& B6 phan d6 thi phia dusi Oz ctia (C), 1y dbi xttng phan dé thi bi bé qua Ox.

_2x1$

(C):y=a®+32% -2

(¢ Chay. Véidang y = |f(|z|)| ta lan lugt bién d6i 2 dd thi y = f(|z|) va y = |f(z)].

3. Dang 3: (C'): y = |u(z)| - v(x)
Tt d6 thi (C): y = u(z) - v(z) suy ra do thi (C'): y = |u(z)] - v(z).
Ta c6 y = |u(z)] - v(z) = ulz) - v(@) b =0
v ; —u(z) -v(z) khiz<DO.
O Céach ve (C7) tu (O):

™ Giit nguyén phan do thi trén mién u(x) > 0 ctia do thi (O): y = f(x).

& B6 phan d6 thi trén mién u(x) < 0 ctia (C), 1y dbi xttng phan dbé thi bi bé qua Ox.

S~ "

N

0
1 z ,’\/1 T
!
1

(C):y=22% -3z +1 C):y=lzr—1]-(22%> -2 —1)

© Mot sé phép bién ddi db thi

Cho ham s6 y = f(x) ¢ do thi (C), hay suy ra do thi (C’) ctia ham sb.

STT PO THI CACH VE
1 y = f(—x) Lay déi xting (C) qua truc Oy.
2 y=—f(z) Léay déi xting (C) qua truc Oz.
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™ Gitt nguyén phan do6 thi bén phai Oy.
3| y=r(z]) & B6 phin db thi bén trai Oy cia (C), ldy déi xtng dé
thi dugc gitt qua Oy.
™ Giit nguyén phan do thi phia trén Ox ctia do thi (C).
4 y=I[f(=) & B6 phan dd thi phia dudi Oz cta (C), liy déi xing
phan db thi bi bé qua Oz.
5 y=1f(|z])] Ta lan lugt bién d6i 2 d6 thi y = f(|z|) va y = |f(z)].
™ Gitt nguyén phan do thi trén mién u(z) > 0 ctia do thi
y = lu(@)] - v(a) ©).
6 véi (C):y = u(zx) o
v(z) @ B¢ phan d6 thi trén mién u(x) < 0 ctia (C), lay déi
xting phan dd thi bi bé qua Oz.
7 y=f(z)+p,p>0 Tinh tién do6 thi (C) 1én trén p don vi.
8 y=f(z)—p,p>0 Tinh tién do6 thi (C) xuéng dudi p don vi.
9 y=f(x+q),q>0 Tinh tién do thi (C) sang trai ¢ don vi.
10 y=fx—q),q¢>0 Tinh tién do thi (C) sang phai ¢ don vi.
11 y=flkx), k>1 Co d6 thi (C) theo chiéu ngang hé s6 k.
N < . 1
12 | y=f(kx),0<k<1 Gian do thi (C) theo chieu ngang hé so T
13 | y=kf(x),k>1 Gian do thi (C) theo chiéu doc hé sb k.
N N . 1
14 | y=kf(x),0<k<1 Co do thi (C) theo chieu doc hé so o
™ Vé do thiy = |f(z)].
15 | y=|f(@)+m o )
@ Tinh tién d6 thi 1én hodc xudng m don vi.
& Tinh tién do thi sang phai hodc sang trdi m
16 | y=If(z+m) don vk
@ Sau d6 vé nhu cdch vé do thi y = |f(z)].
& Tinh tién do thi sang phai hodc sang trai m
17 | y=1f(el+m) don 1
@ Sau d6 vé nhu cdch vé do thi y = f(|z]).
@ Ve do thiy = |f(z)].
18 | y=|f(Jz+ml)| & Tinh tién dd thi sang phai hoiic sang trai m
don vi.

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

@ Tiép tuyén

@ Tiép tuyén
Cho ham s6 y = f(x), c6 d6 thi (C). Phuong trinh tiép tuyén ctia dd thi (C) tai diém Mg(zo;y0) € (C) cé dang

y = f'(z0)(x — 20) + vo

Trong dé diém My (zo;y0) € (C) dude goi 1a tiép diém v6i yo = f(x0) va k = f'(x0) 1a hé sb gbc ciia ticp tuyén.

Tiép tuyén clia dd thi ham sé y = f(x) tai diém M (zo; yo)

1) Viét phuang trinh tiép tuyén chia do thi tai diém c6 hoanh dé bang sb a.

& Goi M(zo;y0) 1a tiép diém.

& Ta c6 zp = a.

@ Thé x = a vao phuong trinh y = f(x) tim dugc yo.

™ Tinh f'(z) tit d6 tinh f'(z0).

& Phuong trinh tiép tuyén ciia (C) tai diém M c6 dang y — yo = f'(20)(z — x0)-
2) Viét phuong trinh tiép tuyén cta do thi ham sb tai diém c6 tung dé bang sb b.

& Goi M(zo;y0) 1a tiép diém.

& Ta cbd yg = b.

@ Thé y = b vao phuong trinh y = f(z) tit d6 tim dudc .

& Tinh f(z), tit 6 tinh duge f'(zo).

& Phuong trinh tiép tuyén ciia (C) tai diém M c6 dang y — yo = f'(20)(z — x0).

Tiép tuyén clia dé thi ham sé y = f(z) cé phuong cho truéc

1) Viét phudng trinh tiép tuyén ctia d6 thi (C) biét hé s6 géc cua tiép tuyén bang k.
& Goi M(zo;y0) 1a tiép diém.
& Hé s6 goc tiép tuyén bang k nén f'(x) = k. Giai phuong trinh nay ta tim dugc .
@ Thé x( vao phuong trinh y = f(z) tim dugc yo.
@ Phuong trinh tiép tuyén ctia (C) tai diém M c6 dang y — yo = f'(z0)(x — x0).
2) Viét phuong trinh tiép tuyén chia db thi (C) biét tiép tuyén song song véi duding thang d: y = ax+b.
& Goi M(zo;y0) 1a tiép diém.

& Tiép tuyén song song v6i dudng thing d: y = ax + b = f'(x¢) = a. Gidi phuong trinh nay tim
duge xg.

@ Thé x( vao phuong trinh y = f(z) tim dugc yo.

& Phuong trinh tiép tuyén ciia (C) tai diém M c6 dang y — yo = f'(20)(z — x0)-

(¢ Chiay. Nhé kiém tra tinh song song clia tiép tuyén can tim dé loai boé dap an.

3) Viét phuong trinh tiép tuyén ctia d thi (C) biét tiép tuyén vubng goc véi dudng thang d: y = ax+b.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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7. Tuong giao do thi

& Goi M(zo;y0) la tiép diém.

& Tiép tuyén vuong géc véi duong thing d: y = ax +b = f'(xg) = —é. Giai phuong trinh nay tim
dugce xg.

@ Thé xy vao phuong trinh y = f(z) tim dugc yo.

& Phuong trinh tiép tuyén ciia (C) tai diém M c6 dang y — yo = f'(20)(z — x0)-

& Goi k 13 hé sb goc cta tiép tuyén d di qua M.

™ Suyrad:y—yo=k(zr—z0) ©y=kx—kro+yo (%)

™ d tiép xic véi (C) & {f(x) =ke—koo+yo (1) c6 nghiém.
fll@)=k (2)

& Thé (2) vao (1) dé tim hoanh d6 tiép diém z.

& Thé x vao phuong trinh (2) dé tim hé s6 géc k clia tiép tuyén.

@ Thé k vao () tim duge phuong trinh tiép tuyén di qua M.

(¢ Chay. Khi thé (2) vao (1) va gia sit thu duge phuong trinh an s6 1a x va duge ki higu 1a (1). Thong
thuong phuong trinh (1) cé bao nhiéu nghiém x thi qua diém M cé bay nhiéu tiép tuyén dén d6 thi (C).
Tit d6 ta gidi quyét duge bai todn “Tim dicu kién dé qua M cé thé vé duge dén do thi (C) n tiép tuyén”.

@ biéu kién tiép xic

Cho hai ham s6 (C): y = f(z) va (C"): y = g(x). Do thi (C) va (C’) tiép xtic v6i nhau khi va chi khi h¢ phuong
trinh {f/(x) B g(lx)
fi(x) =g'(z)

c6 nghiém.

@ Tuong giao db thi

Cho ham s6 y = f(x) c6 do6 thi (C1) va y = g(z) c6 do thi (Cy).
Phuong trinh hoanh dd giao diém ctia (C;) va (Co) 1a f(z) = g(z) (1). Khi dé

1) S6 giao diém ciia (C}) va (Cy) bang s6 nghiém ciia phuong trinh (1).

2) Nghiém x¢ ctia phuong trinh (1) chinh 14 hoanh d6 z¢ ciia giao diém .

3) Dé tinh tung d6 yo ciia giao diém, ta thay hoanh d6 xy vao y = f(z) hoiic y = g(z).

4) Diém M (zo;yo) 1a giao diém ctia (Cy) va (Cy).

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

¢ .2 . b
Tim tham s6 d& d thi (C): y = 22
cx +d

cét dudng théng (d) tai hai diém

1) Lap phuong trinh hoanh d6 giao diém ciia (C) va d ta dugc
glx) =ar’ +br+c=0 (¥) (z#x0)

v6i xo 1a nghiém ctia mau sb.

2) d cit (C) tai hai diém phan biét khi va chi khi phuong trinh (%) c¢6 hai nghiém phan biét khac
a#0

o {A>0 = tim dudc tham sb.

g(xo) # 0

Tim tham s6 dé db thi (C): y = az® + bz® + cz + d cét dwdng théng (d) tai 3 diém

1) Lap phuong trinh hoanh d6 giao diém ciia (C) va (d) goi la phuong trinh (x).

2) Nham nghiém ciia phuong trinh (%) va gid st duge mot nghiém x = z¢. Diing s d6 Hoocner dé bién
ddi phuong trinh (x) vé dang

TR
(x —z0)(az® + Bz +C) =0 < 0
g(x)=az’+Bx+C=0 (1)
3) (d) cat (C) tai 3 diém phan biét khi va chi khi phuong trinh () c6 3 nghiém phan biét khi va chi khi
a#0

phuong trinh (1) c¢6 hai nghiém phéan bi¢t khdc 29 < ¢ A, >0 = tim dugc tham sb.

g(xo) #0
(& Chiay. Cong thiic trac nghiém

1) D5 thi ham s6 y = ax® 4 bx? + cx + d cit truc hoanh tai 3 diém c6 hoanh do 1ap thanh cip sb cong
b

khi va chi khi phuong trinh az® + bz? + cz +d = 0 ¢6 1 nghiém 14 z = ~34"

a

2) Do thi ham s6 y = az® + bx? +cx +d cit truc hoanh tai 3 diém c6 hoanh d6 lap thanh cAp s6 nhan
d
3

khi va chi khi phuong trinh az® + bz? + cx +d = 0 ¢6 1 nghiém 1a z = — o

1) Lap phuong trinh hoanh d9 giao diém ctia (C) va d gia sit dugc phuong trinh

Az* + Bx? +C =0 (%)

2) Dit t = x2,¢ > 0. Phuong trinh () trd thanh At> + Bt +C =0 (1).

3) d cit (C) tai 4 diém khi va chi khi phuong trinh (%) ¢6 4 nghiém khi va chi khi phuong trinh (1) ¢
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8. Piém dic biét ctia ho duong cong

A>0 S:—E
hai nghiém duong < ¢ S >0 véi CA tit day tim dugc tham sb.
P>0 P=7

(¢ Chiay. Cong thiic tric nghiém
D6 thi ham s6 y = az* + ba? + ¢ cit truc hoanh tai 4 diém c¢6 hoanh do lap thanh cip sb cong < phuong
b2 —dac >0
b
—=>0
trinh (1) ¢6 hai nghiém duong phén biét ¢, to (t1 < t2) théa man t, = 9t & c g

->0
a

9ab® = 100a°c.

1) Lap phuong trinh hoanh d6 giao diém ciia (C) va d 1a g(z) =0 (%).
2) d cat (C) tai n diém < phuong trinh (¥) c6 n nghiém.

3) Khi d6 hoanh d6 giao diém ciia (C) va d 1a nghiém ctia phuong trinh () va thong thuong sit dung
dinh lf Vi-ét dé giai quyét bai toan.

Piém déc biét clia ho dudng cong

@ Bai toan tim diém cé dinh clia ho dudng cong
Xét ho dudng cong (C,,) c6 phuong trinh y = f(x,m), trong dé f 1a ham da thitc theo bién x véi m 1a tham s
sao cho bac ciia m khéng qué 2. Tim nhitng diém c6 dinh thudc ho dudng cong khi m thay déi.
Phuong phap giai
& Buéc 1: Dua phuong trinh y = f(z,m) vé dang phuong trinh theo an m cé dang sau: Am + B = 0 hoic
Am* + Bm+C = 0.

A=0
s A=
& Budéc 2: Cho céc hé s6 bang 0, ta thu duge hé phuong trinh va gidi hé phuong trinh { hoac ¢ B=10
a C=0.
& Buéc 3: Két luan
® Néu hé vo nghiém thi ho dudng cong (C,,) khong c6 diém cb dinh.
® Néu hé c6 nghiém thi nghiém d6 1a diém c6 dinh ctia (C,,)
@ Bai todn tim diém c6 toa d6 nguyén
N , . P(I) N ~ , s ~ 2 , ~ ~
Cho duong cong (C') ¢6 phuong trinh (Cp,): y = T (ham phén thic). Hay tim nhing diém c¢é toa dd nguyén
z
cta dudng cong?
Phuong phap giai
, S , P(x) k , . L
@ Budc 1: Thuc hién chia da thic, ta duge: y = Q) = H(z)+ m, trong d6 H(z) 1a da thiic va k € R.
T T

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 1. Gng dung dao ham dé khao sat va vé do thi ham sb

. k k
™ Buéc 2.yeZ¢»H(m)+@GZ@MGZ@keU(k).

@ Buéc 3: Lan lugt cho Q(x) nhan gid tri (1a cdc ude ctia k) dé tim gid tri cia = va y tuong tmg.

(¢ Chiay. Nhimg diém c6 toa d6 nguyén 1a nhitng diém sao cho cd hoanh d6 va tung d6 ctia diém d6 déu la sb

nguyeén.

@ Bai todn tim diém c6 finh chét déi xing
Cho dudng cong (C) c¢6 phuong trinh y = f(z). Tim nhiing diém déi xting nhau qua mét diém, qua dudng thing.
1) Bai toan 1: Cho do thi (C): y = Az® + Bx? + Cz + D trén dd thi (C) tim nhing cip diém d6i ximg
nhau qua diém I(z7;yr)
Phuong phap giai
& Goi M(a; Aa® + Ba? + Ca+ D), N(b; Ab® + Bb? + Cb + D) 1a hai diém trén (C) déi ximg nhau qua
diém I.
a+b=2x
& Ta cb !
A(a® +b*) + B(a® +b*) + Cla + b) + 2D = 2y;.
& Giai hé phuong trinh tim dudc a, b tit d6 tim dudc toa do M, N.
2) Bai toan 2: Cho dd thi (C): y = Az + B2? + Cx + D. Trén d6 thi (C) tim nhitng cip diém dbi xtng
nhau qua goc toa do.
Phuong phap giai
& Goi M(a; Aa® + Ba? + Ca + D), N(b; Ab® + Bb? + Cb+ D) 14 hai diém trén (C) d6i xting v6i nhau
qua goc toa do.
a+b=0
A(a® + ) + B(a® +b*) + C(a +b) + 2D = 0.
@ Giai hé phuong trinh tim dudc a, b tit d6 tim duge toa do M, N.

gTac(){

3) Bai toan 3: Cho dd thi (O): y = Az® 4+ Bx? + Cx + D trén do thi (C) tim nhing cdp diém dbi xtng véi
nhau qua dudng thang (d): y = Ajx + By.
Phuong phap giai
& Goi M(a; Aa® + Ba? + Ca+ D), N(b; Ab® + Bb? + Cb + D) 13 hai diém trén (C) ddi xiing v6i nhau
qua dudng thing d.
Ie(d
™ Ta cé: _,( )
MN - -7T43=0
(d)).
@ Giai hé phuong trinh tim duge M, N.

(véi I 1a trung diém ctia MN v Uq la véc-to chi phuong ciia dudng thing

Bai todin fim diém ddc biét, khoang cdch

1. Ly thuyét

@ Cho hai diém A(x1;%1), B(w2;%2), suy ra AB = \/(Ig —21)% 4 (y2 — y1)>.

& Cho diém M (z¢;yo) va dudng thang (d): Az + By + C = 0, thi khodng cdch tit M dén d 1a h(M; (d)) =

|A:II() + Byo + C|
VAZ+ B2
. A . ar+b . P S . , . . .
& Cho ham phan thtc: y = ot d tiep tuyen tai M cat tiém can ding, tiém can ngang 6 A va B thi M la

. ; 2
trung diém cia AB. Khi d6 dién tich cia AM AB khong doi: Syap = - lad — bc.
c
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8. Piém dic biét ctia ho duong cong

2. Cac bai toan thuong gap

ar +b

cr+d
B thudc hai nhénh dd thi ham s6 sao cho khodng cdch AB ngén nhét.

1) Bai toan 1: Cho ham s6 y = (c# 0, ad — be # 0) ¢6 d6 thi (C). Hay tim trén (C) hai diém A va

Phuong phéap giai

d . R N R
™ (C) c6 tieém can ding + = —— do tinh chat ctia ham phan thiic, d6 thi ndm vé hai phia ctia tiém
c
can dtng. Nén goi hai s6 «, 8 1a hai s6 duong.
. d d d
@ Néu A thudc nhanh tréi: x4 < —— =24 =—— —a < ——; ya = f(za).
c c c

@ Néu B thudc nhanh phai: zp > 4 =g = 4 + 5> —El; yp = f(xp).
c c c
& Sau d6 tinh: AB? = (x5 —x4) + (yg —ya)2 = [(a+ 8) — (a — )]* + (yz — ya)°.

& Ap dung bat déng thitc Co-si sé tim ra két qua.

2) Bai toan 2: Cho dd thi ham s6 (C) c6 phuong trinh y = f(z). Tim toa d diém M thuoc (C) dé tong
khoang cach tit M dén hai truc toa d6 nho nhat.
Phuong phéap giai

& Goi M(z;y) va tong khodng cach tit M dén hai truc toa do 1a d thi d = |z| + |y|.

& Xét cac khoang cach tit M dén hai truc toa do6 khi M ndm & cdc vi tri dic biét: Trén truc hoanh,
trén truc tung.

@ Sau d6 xét tong quat, nhitng diém M cé hoanh d6, hodc tung d6 16n hon hoanh do hoidc tung do
ctia M khi nam trén hai truc thi loai di khong xét dén.

& Nhiing diém con lai ta dua vé tim gid tri nhé nhat ctia do thi ham sb dua vao dao ham rdi tim duge

gi4 tri nhé nhat cta d.

3) Bai toan 3: Cho do thi (C) cé phuong trinh y = f(x). Tim diém M trén (C) sao cho khodng cach tit M
dén Ox bang k lan khodng cach tit M dén truc Oy.
y=kx lf(:c) = kz
=

Theo dau bai ta ¢ |y| = k|z| <
y=—kx f(z) = —ka.

ar+b

cr+d
diém M trén (C) sao cho d6 dai M ngén nhat (véi I 1a giao diém hai tiém cén).

4) Bai toan 4: Cho do thi ham s (C) c¢6 phuong trinh y = f(z) =

(¢ # 0, ad — bc # 0) tim toa do

Phuong phap giai
A A d .. a
@ Tiém cin ding x = ——; tiém cdn ngang y = —.
c c
. d a
@ Ta tim dugc toa do giao diem I (——; —> clia hai tiém can.
c c

. s d\? 2
™ Goi M (xpr;yar) 14 diem can tim thi TM? = <xM—|— E) (yM - (_cl) =g(xpm).

& St dung phuong phip tim GTLN - GTNN cho ham s6 g dé thu dugc két qua.
5) Cho do thi ham s6 (C') c6 phuong trinh y = f(z) va dudng thang (d): Az + By + C = 0. Tim diém I trén

(C) sao cho khoang cach tit I dén d la ngin nhat.
Phuong phap giai

™ Goi I € (C), suy ra I (zo;y0) va yo = f(z0)-
|Al‘0 + Byo + C|
VA B

& Khao sat ham sé y = g(x) dé tim ra diém I théa méan yéu cau.

Th.S Ha Huy Hoang - BT: 097. 125. 8386

@ Khodng cach tit I dén d 1a g(zo) = h(I;(d)) =
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Ly thira va ham s lay thira

@ Khdi niém Iiiy thira
1. Liiy thira véi s6 mii nguyén

Cho n 1a mot s6 nguyén duong. Véi a 1a mot sd thuc tiy ¥, liy thita bac n ciia a 14 tich ctia n thita s6 a.
a"=ga-a----a (n thia s a).
—_——
1 . p
Véia#0thia® =1,a " = —. Ta goi a la cd s, n 1a s6 mil. Va chi ¥ 0° va 07" khéng c6 nghia.
a[?’L

2. Maét sb tinh chéat cia liiy thira

Gia thiét raing mdi biéu thic duge xét déu cé nghia

& a®-af = atF 4 (C_L)azﬁ
b be
E,/ﬁ— a—p b\ ¢ a
« ()=
a b
D[ﬂ_ (o] 2
& (a%)” =a™” ™ Néua>1thia*>d?’ <a>p
™ (ab)® = a® - b* ¥ NeuO0<a<lthia®>d® ©a<p
™ V6i0<a<bthia™ <b" < m>0 @ V6i0<a<bthia™>b"<m<0

—EOR .

& Céc tinh chat trén ding trong trudng hop s6 mii nguyén hoic khong nguyén.
™ Khi xét liiy thira v6i s6 mii 0 va s mii nguyén 4m thi co s& a phai khéc 0.

™ Khi xét liiy thira véi sé mii khong nguyén thi co s6 a phai duong.
N ——

@ Phuong trinh =z = b
Ta c6 két qud bién ludn s6 nghiém phuong trinh 2" = b nhu sau
TH.1 Khi n 18: V&i moi s6 thic b phuong trinh c6 nghiém duy nhat.
TH.2 Khi n chan:

@ Véi b < 0, phuong trinh vo nghiém.

® Véi b = 0, phuong trinh ¢6 modt nghiém z = 0.

b,

& Vé6i b > 0, phuong trinh ¢6 hai nghiém trai ddu, ki hiéu gia tri duong 1a /b, gid tri Am 14 —

"Trén buéc dusng thanh céng khéng cé dau chan cia ké luci biéng"
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1. Lity thita vi ham s lity thita

@ Mt sb tinh chét ciia cén bac n

Véia, be R vaneN* taco

«

2n 2m a 2n+1 a
/a — |a| 8 2n+</%: —2n+\é_;,VaZO,b7£0.

& Vam = ({/a)",Vm € Z, a > 0.
ab = %/]a| - %/]b], Yab > 0. ™ Y v/a= "Y/a,Vm € N*, a > 0.

g = ya - b, Ya,b. & Néu f—; - % thi Ya? = %ai, Ym € N,
Vp,q € Z, a > 0.

«

2 1
"Wa2ntl = q.

«

«

2

2n
_ Ml v s o040,

a
b/l & a= "Ya™, a>0, meN".

«

Ham sb 1y thira
1. Khai niém

Xét ham s6 y = 2@ v6i a 14 s6 thuc cho trude.
Ham sb6 y = 2, v6i o € R dudc goi 1a ham sb liy thira.

— KA .

Tap xac dinh ctia ham sb liiy thira y = 2 tly thudc vao gié tri clia a.

™ Vé6i a nguyén ducng thi 2 = R.
& Véi a nguyén am hodc bang 0 thi 2 = R\ {0}.

M Véi a khéng nguyén thi 2 = (0; +00).

2. Khao sat ham sb liiy thira

Tap xac dinh ctia ham sb liiy thita y = 2 luon chita khoang (0; +00). Trong trudng hgp téng quat, ching ta
khio sat ham sb y = 2% trén (0; +00).

1 Himsd y = 2%, a > 0

1) Tap x4c dinh (0; +00). 3) Bang bién thién
2) Sy bién thién
T 0 +o00
™y =a 21>0 Vr>0. y' +
& Gi6i han dic biét +00
Sy 9" =0, lim_o" = +oo. vl
@ Tiém cin: khong co.

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 2. Mii va Logarit

DANG .
. 2 = Hamsdy=aa<o0 )

1) Tap xéc dinh (0; +00).

2) Sy bién thién
¥y =a 21 <0, Vz>0.
@ Gidi han dic biét

lim z% = +o00, lim z% =0.
z—0t z—+00

tiém can ding.

@ Tiém can: Oz 1a tiém can ngang; Oy 1a

3) Béng bién thién

T 0
y/

+00
Y

D6 thi ham s6

a>1

D5 thi ham s6 y = ® luon di qua diém I(1;1).

© Khdo sét ham sé mi y = a®

DANG _
1 Ham s6 y = a®,a > 1

1) Téap xéc dinh R.

2) Su bién thién

™~ ¢y =a®”-lna >0, Vr.
@ Gidi han dic biét

lim =0, lim a® = +occ.
T——00 T—+00

@ Tiém can: Oz 1a tiém cin ngang.

3) Béng bién thién

1 +00

+

0

Y 1/
_—

+00

a—

4) D6 thi nhu hinh sau
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DANG

1) Tap xac dinh R. x| —00 0 1 400
Y -
2 +00o
2) Su bien thién y 1— a
\ O

¥y =a"-lna<0, V. . .
4) Do thi nhu hinh sau

& Gi6i han dic biet

lim a* =400, lim a” =0.
T—r—00 T—+00

@ Tiém can: Oz 1a tiém cin ngang.

3) Béng bién thién o Lo

@ Khai niém légarit

Cho hai s6 duong a, b v6i a # 1. S6 a théa man dang thitc a® = b duge goi 1a 16garit co s6 a ciia b va duge ki
hi¢u la log, b.

a=log,bsa*=0.

Khong c6 logarit cia s6 4m va so 0.

@ BAng tém tat cong thirc mii - 16garit thudng gdp

x ’ X N 2 2 X <2 /. , ~ ’ 3
Véi cac dieu kién cia a, b, ¢ dé moi biéu thitc ¢6 nghia, ta c6 bang sau

1. Cong thic mii 2. Cong thirc logarit
& ad’=1,a#0. ™ log,1=0.
@alza. glOgaCL:l.

4 a—a:i. ¥ log, a® = a.
a® 1
0 ™ logha=—.
¥ — =a%" &
ab
™ log, b™ = alog, b, b > 0.
& a%-af = a*tF 1
™ log,s b= —log,b.
™ a*-b* = (a-b)". B

«

a
log,s b = 3 log,, b.

«

a® a\“®
= () r#o
™ log, b+ log, ¢ = log, (bc).

™ an = {a™, neN,n>2 mecZ. .
™ log, b—log, c =log, .
@ (aa)ﬁ :aaﬂ. €a La La c
1
& a® =b= a=log,b. & log,b= 10—, 1#0>0.

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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®

B4t phuong trinh mii va logarit

@ Bét phuong trinh mii co bén

Bét phuong trinh mii cd ban ¢ dang a® > b (hoiic a® > b, a® < b, a® < b) v6ia > 0, a # 1.
Ta xét bat phuong trinh c¢6 dang a® > b.

@ Néu b < 0, tap nghiém ctia bat phuong trinh 1a R, vi a® > b, Vo € R.
@ Néu b > 0 thi bat phuong trinh tuong duong véi a® > al°8a?.
® V6i a > 1, nghiém ctia bat phuong trinh 1a x > log,, b.
® Véi 0 < a < 1, nghiém ctia bat phuong trinh 14 z < log,, b.
Ta minh hoa bang dd thi nhu sau:

Véi a > 1 ta c6 dd thi sau V6i 0 < a < 1 ta c6 do thi sau
Y Y

o log, b 55 log, b (0] z

@ Ba&t phuong trinh logarit co ban

Bét phuong trinh logarit cd ban ¢ dang log, > b (hogc log, x > b, log, © < b, log, * < b) v6i a > 0, a # 1.
Ta xét bat phuong trinh c¢6 dang a® > b.

™ Véi a > 1, nghiém ctia bat phuong trinh 1a 2 > a®.
™ Vé6i 0 < a < 1, nghiém ctia bat phuong trinh 14 0 < z < a®.

Ta minh hoa bing dd thi nhu sau:

Véi a > 1 ta c6 do6 thi sau V6i 0 < a < 1 ta c6 do thi sau
Y y =log, x Y
b 1 a®
y=>bt o i z
I
I
I
I
I
I
I
|
b | y=">
O x
y =log, x

Quan sat do thi, ta thiy rang:
™ Véia > 1, ta 6 log, x > b khi va chi khi z > a.

™ V6i0<a<1,tacélog, r>bkhivachi khi0 <z < ab.
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4. Bai toan lai suat ngan hang

@ Bdi todin 16i suét ngan hang
@ L&i don

1. Dinh nghia

Lai don 1a sb tién 1ai chi tinh trén sb tién géc ma khong tinh trén sb tien 1ai do s6 tien gbc sinh ra, tiic la tién
1ai ctia ki han truée khong dude tinh vao von dé tinh 1ai cho ki han ké tiép, cho du dén ki han ngudi giii khong
dén rut tién ra.

2. Cong thirc tinh

Khéch hang giti vao ngan hang A dong véi 1ai don 7% /ki han thi s6 tién khach hang nhan dugc cd von 1an 1ai
sau n ki han (n € N*) 1a
Sp =A+nAr =A(l+nr).

z 2 2 LA B R R ) B (LA eomBems [RE 4 5
Trong tinh todn cac bai toan 13i suat va cic bai todn lién quan, ta nhé r% la 100"

@ Lai kép
1. Dinh nghia

Lai kép 1 tién 1ai ctia ki han trudc néu ngudi gii khong rit ra thi dude tinh vao vén dé tinh 1ai cho ki han sau.

2. Cong thic tinh

Khéch hang giti vao ngan hang A dong véi 1ai kép r%/ki han thi sb tién khach hang nhan dugc ca von 1an 1ai
sau n ki han (n € N*) 1
Sp=A(l+r)".

Céc cong thic lién quan
Sn n Sn
a)nzlogHT(X); b) r% = \/7—1;

@ Tién giri hang théng

o
~

(1+7)n"

1. Dinh nghia

Tién giti hang thang 13 moi thang giii ding ciing mot s6 tien vao mot thai gian cd dinh.

2. Cong thirc tinh

Dau méi thang khach hang giii vao ngan hang s6 tien A dong véi 1ai kép 7% /thang thi sb tién khach hang nhan
dugc ca von 1an 1ai sau n thang (n € N*) (nhan tién cudi thang, khi ngan hang da tinh 1ai) 1a

A
Sn= (A +7)" =1 (A +7).
Céc cong thic lién quan

7Sy, rSn
o) n=tonis: (1175 +1): S () (o s )

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 2. Mii va Logarit

GUi ngén hang va rit tién glri hang thang

Cong thirc tinh

Gi ngan hang s6 tién 14 A dong véi 1ai suat r%/thang. Mdi thang vao ngdy ngan hang tinh 1ai, rit ra sb tién

1 X dong. Tinh sb tién con lai sau n thang la

sn:A(1+r)"—X.—(1+:) -y

@ Vay vén tra gép
1. Dinh nghia

Vay von tra gop la vay ngan hang sb tien 13 A dong véi 1ai suat r%/thang. Sau ding mot thang ké tit ngay vay,
bt dau hoan ng; hai 1an hoan ng céch nhau ding mét thang, mdi hoan ng sb tién 14 X ddng va tra hét tién ng
sau dung n thang.

2. Cong thirc tinh

Céch tinh s6 tién con lai sau n thdng giéng hoan toan cong thitc tinh giti ngdn hang va rit tién hang thang nén

ta co 1 n_q
S = AQ 4y - x LEDT L
r
Dé sau ding n thang tra hét ng thi S,, = 0 nén
(I+r)m—1 Ar(1+r)"
Al X = X=— "7
(1+4+7) . 0< e

Bdi todan tang luong
1. Dinh nghia

Bai toan ting luong duge mo td nhu sau: Mot ngudi duge lanh luong khéi diém 1a A dong/thing. Cit sau n
thang thi luong ngudi dé duge tang thém r% /thang. Héi sau kn thdng ngudi dé linh duge tat cd s6 tién 1a bao
nhiéu?

2. Cong thirc tinh
Téng sb tién nhan duge sau kn thang 1a
14+r)k—1

Sin = Ak - %
@ Bai todn tang trudng dén sé
Cong thitc tinh ting truéng dan s6 1a

X =Xp(14+7)""" m,n€Z" m>n.

Trong dé

™ r% la ti 1é ting dan s6 tU nim n dén nam m;

 X,, 1a dan s6 nam m, X, 1a dan s6 ndm n.
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4. Bai toan lai suat ngan hang

T d6 ta cé cong thitc tinh ti 1& tang dan sb 1a

r% = "7 % -1
L&i kép lién tuc

Gii vao ngdn hang A dong véi 1ai kép r%/nam thi s6 tién nhan duge ¢ von 1an 1ai sau n ndm (n € N*) 1a
Sp=A1+7r)".

Gi4 stt ta chia mdi ndm thanh m ki han dé tinh 1ai va 1ai sudt mdi ki han 1a %% thi s6 tien thu dude sau n nim
s, =A(1+ )"

Khi tang s6 ki hgnn clia moi ndm 1én vo cuc, titc 1a m — +oo, goi 14 hinh thitc 1ai kép tién tuc thi ngudi ta chimg
minh duge s6 tién nhan dude ca goc 1an 1di 1 S = Ae™ (cong thitc ting trudng mii).

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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@ Nguyén ham

@ Pinh nghia
Cho ham sb f(r) x4c dinh trén K (K 1a khodng, doan hay ntta khodng). Ham sé F(z) duge goi 1a nguyén ham
ctia ham s6 f(z) trén K néu F'(z) = f(x) v6i moi x € K. K{ hiéu: /f(x) de = F(z)+C.

— I — N

1) Néu F(z) la mét nguyén ham ctia f(x) trén K thi véi méi hang s6 C, ham s6 G(z) = F(z) + C ciing la

mot nguyén ham ciia f(z) trén K.

2) Néu F(z) la mot nguyén ham ciia f(x) trén K thi moi nguyén ham ctia f(z) trén K déu c6 dang F(z)+C
v6i C' la mot hing so.
Do dé F(z) + C, C € R Ia ho tat cd cdc nguyén ham ctia f(z) trén K.
\ ——

@ Tinh chét nguyén ham

(/fx)dx) = f(x va/f flx)+C; d(/f dx) f(z)dx

@ Néu F(z) c6 dao ham thi: / d(F(z)) = F(z)+ C.

4 /kf(ac)dx:k/f(x)dx v6i k 13 hing s6 khéc 0.

@ (@) g@lde = [ f@)dot [gl)ds

@ Céng thitc déi bién s6: Cho y = f(u) va y = g(x).
Néu /f(x) dz = F(x) + C thi /f(g(:c))g’(x) dz = /f(u) du= F(u)+ C.

@ Su ton tai nguyén ham

Moi ham s6 f(x) lién tuc trén K déu cé nguyén ham trén K. \

B&ng nguyén ham céc ham sé thudng gdp

/Od:czC
/dx:x—f-C

"Trén buéc dusng thanh céng khéng cé dau chan cia ké luci biéng"
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1 (az +0b)**!
v —_ ot _ v o e St _
./ a+1 +C, (a#-1) (v} /(ax—l—b) dzx 2 ot l +C,a# -1
1 72
/—2 =——+C /xdx—?—FC
dx 1
/—dx:1n|x|—|—C / ~Iln|az + b+ C
x azr+b _a
1
/emdm:em—i—C’ /eaz+bdaz:ae“z+b+0
T 1 kx+b
/a do =~ +C /k“'bdx— g +C
Ina k In
1
/cosxdw:sinx—i—C /cos(ax—l—b)d:r:—sin(ax—i—b)—f—C
a
1
/sinazdxz—cosx+0 /sin(aa:—i—b)dx:—Ecos(aas—i—b)—i—C’
/tanxdx:—ln|cosx|—|—0 /tan(am—l—b)dx:—lln|cos(ax—|—b)|—|—0
a
1
/cotxdlen|sinx|+0 /cot(a:c—l—b)dx:—1n|sin(aac+b)|+C
a
1 1 1
/ dr =tanz + C /—dx:—tan(ax+b)+0
cos?z cos?(ax +b) a
1 1 1
/ ——dz = —cotz +C /2— x = ——cot(ax +b)+C
sin® z sin®(ax + b) a
1
/(1+tan2x) do =tanz + C /(1—|—tan (ax + b)) do = — tan(az +b) + C
a
1
/(1+cot2x) dr = —cotz +C /(1+cot2 az + b)) do = —— cot(az +b) +C
a

@ BAng nguyén ham mé rdng

d 1
/—x:—arctanz—f—C /arcsinzda::xarcsinf—k\/az—x2+C
a26}i—x2 al a
/—x:—ln ate +C /arccos—dx—acarccos——\/ —x224+C
a2 —22 24 |a—=x
d
/ﬁ:ln(m+\/x2+a2)+0 /arctanzdx—xarctang—gln(a —|—a:)+
dx T a
v arcsin — + C /arccot— x = zarccot =+ = In (a® + 22)+C
/Wd—ﬂ a (@ + o)
T

v
1
m_aarccosb’—i—c
1 2 2 1
/ S S [ B R L L) e
V22 + a2 a P am—i—b a
b o e*(acos bx + bsin bx)
In(az +b)dz = (z + - ) In(az +b) —z+ C € cos by dz = > +C
a a
2 _ .2 2 ax : _
/\/aQ—xde:m\/aTm—F%arcsing—i—C (v /e‘“”sinbxdx: ¢ (asm;)gibzbcosbx) +C
a a

@ Cac phuong phdp tinh nguyén ham

@ Phuong phép ddi bién

1. Déi bién dang 1

f(z)dz = F(z)+ C va véi u =

©(t) 1a ham s6 c¢6 dao ham thi

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"




fb.com/hoangdhtb
hoangtaybac.edu.vn

Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

/ flu)du = F(p(t)) + C

1) Phuong phidp chung
@ Budc 1: Chon z = ¢(t) , trong d6 ¢(¢) 1a ham s6 ma ta chon thich hop.
™ Budc 2: LAy vi phan hai vé : do = ¢'(t) dt.
& Budc 3: Bién doi : f(x)dx = flp(t)]¢’(t)dt = g(t) dt.
™ Budc 4: Khi d6 tinh : /f(x) dz = /g(t) dt =G(t)+ C.

2) Céac diu hiéu déi bién thudng gip

DAu hiéu Céach chon
Va? — x? bat x = |a|sint; v6i t € {—g; gJ hodc z = |a| cost; véi
t € [0;7].
VaZ — a2 Pt o = 1. a‘te[—ff} 01 hose z = 14 v
2 —a at x Sin%’VI 575 \ {0} hodc x wosp VO
te [0;77]\{5}.
va? + x? Dit z = |a|tant; v6i t € (—g; g) hogc z = |a| cot t; vé6i
t e (0;m).
a+x N a—T v
\/ hoac\/ bat © = acos 2t
a—x a+tx
V(z—a)b—2z) Dit z =a+ (b — a)sin’t
u Diit tant; voi t € (—2;7)
at x = atant; voi ——=;=).
a2+x2 0 ) 27

2. Déi bién dang 2

Néu ham sb f(z) lién tuc thi dite = ¢(t). Trong d6 ¢(t) ciing v6i dao ham ctia né (¢’ () 1a nhitng ham sb lién
tuc) thi ta duge:

[ H@a = [ ol 0t = [ga=co+c

1) Phuong phap chung
& Budc 1: Chon t = ¢(z) , trong d6 ¢(z) 14 ham sb ma ta chon thich hap.
& Budc 2: LAy vi phan hai vé : dt = ¢'(t) dt.
& Buéc 3: Bién déi : f(z)dx = flp(t)]¢’(t) dt = g(t) dt.
& Buéc 4: Khi d6 tinh : T = /f(:):) dz = /g(t) dt=G(t)+C.

2) Céc diu hiéu ddi bién thudng gip

DAu hiéu Cach chon
Ham s6 c6 mau sb t 13 mau sb
Ham sb f(z;/¢(z)) bt t = /().

asinx + bcosz

Ham s f(x) = Dé,tt:tang;(cosg#O).

csinx +dcosx + e

Ham s f(x) = Véiz+a>0vaz+b>0.
(@ +a)(@ +b) batt=+vz+a+ v +0b.

Véiz+a<Ovaz+b<O.
Datt=+-x—a++vV—-x—0b.
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@ Phuong phdp nguyén ham tirng phén

Néu u(x), v(z) 14 hai ham s6 c6 dao ham lién tuc trén K:

/u(:v) ' (z)de = u(z) - v(x) — /v(x) ' (z)dz

Hay /udv =uv — /Udu J(v6idu = v/ (x) dz, dv = v'(z) dz).

1. Phuong phap chung

& Budc 1: Ta bién ddi tich phan ban dau vé dang :

1= [f@do= [ f(a) - fole) do.

_ du = fi(z)d
E/Bu'(ch:Dét{u fil=) :{u ne

dv = fa(x) v= /fg(x) dz.

& Budc 3: Khi dé: /udv:uv—/vdu.

2. Cac dang thuong gap

e
u= P(x) u' - du= P'(z)dz
si — cos
Pit inz N . T
dv =< coszx dz v=1< sinx
er er
—cosx —Ccosx
Vay I = P(z) sinz — / sin - P'(z)dz.
e’ er

I:/P(m).lnxdx.

1
{u =Inz du = = dz
Pit N
dv=P(z)de |, / P(z)de = Q(x).

Vay I =lnz - Q(x) — /Q(x) . idm.

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

%

= /em {snrl da.

u=e" du =€ dz
bat ) = .
{dv = {Soss ) da {U = {ona "}

Viy I=er {5} = [{aw) e dn,

— COosS T

Bing phuong phép tuong tu ta tinh dugc / {sinz } - e” dzr sau dé thay vao I.

@ Cong thirc tinh tich phan

b

[ #@)do = Pl = FO) - Fla) |

a

b b
@© Nhan xét. Tich phan ctia ham s6 f tit @ dén b dugc ki hiéu la /f(:r) dz hay /f(t) dt. Tich phan d6

chi phu thudc vao f va cac cin a, b ma khéng phu thudc vao cich ghi bién s6.

@ Tinh chét cla tich phan

Cho ham sb f(x) va g(z) lién tuc trén K, a,b,c 13 ba s6 thuoc K. Khi dé ta co:

1 / ) dz =0

2) /b f(@)dz = - b/ /() da.

3) / flw) da = / fw) da -+ / f(w)da.

1) /b [f(2) + g(@)] do = /b flw)dz++ /b g(x) de.

5) a/bk-f(oe)dmk-a/bf(x)dm.

0 1050 5

b

7) Va € [a;b] : f(x) < g(z) = /f(as) dz < /g(x) dz.

a
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4. Phuong phap tinh tich phan

b
8) Vxe[a;b],néusz(x)zN:M(b—a)g/f(:c)dng(b—a).

a

@ Phuong phdp tinh tich phan

@ Phuong phép ddi bién

1. Phuong phap déi bién s6 dang 1
Dinh Iy

Néu
1) Ham z = u(t) ¢6 dao ham lién tuc trén [a; (]
2) Ham hgp f(u(t)) duge xdc dinh trén [«; 5].

3) u(a) =a,u(B) =b.

b B
Khi do/f(x :/f w(t))u'(t

Phuong phap chung

Buée 1. Dat x = u(t).

Bu6c 2. Tinh vi phan hai vé x = u(t) = dz = «/(t)dt. Déi can [} =
=5

Buéc 3. Chuyén tich phan da cho sang tich phan theo bién ¢.

B

b B
Vay 1= [ f@)do= [ ulhu'0)dt = [ g0)at = GO)I] = G(6) - Gla.

a «

2. Phuong phap déi bién s6 dang 2

Dinh ly

Néu ham s6 u = u(z) don diéu va c6 dao ham lién tuc trén doan [a; b] sao cho f(z) dzr = g (u(x)) v/ (z) dz = g(u) du
u(b)

thi I = / g(u) du.
u(a)

Phuong phap chung

¥ Dit u = u(z) = du = v/ (z)dx.

r=b
=

r=a

. u=u(b)
' Doi can:

u=u(a) '

@ Chuyén tich phan da cho sang tich phan theo u.
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan
b b u(a)
Vay I = / f(z)dz = /g [u(x)] W/ (z)dz = / g(u) du.
a a u(b)

@ Phuong phdp tich phan tirng phdn
1. Dinh Iy

Néu u(x) va v(z) 1a cdc ham s6 ¢6 dao ham lién tuc trén [a;b] thi

b b
/u(m)v’(x) dr = (u(x)v(z)) ‘Z - /U(x)u’(a:) dx,

hay

b b
b
/udv:uv —/vdu.
a
a a

2. Phuang phap chung

& Buéc 1: Viét f(z) dusi dang udv = uv’ dz bang cdch chon moét phan thich hop cta f(x) lam u(z) va
phan con lai dv = v/(z) dz.

™ Tinh du = «/dz Vév:/dv:/v’(x)dx.

b
b
© Tinh /vu’(:c) dz = va uv‘ .

a

Cach dit u va dv trong phuong phép tich phan titng phan

b b b b
bat u theo thit tu wu tién /P(x)em dz| /P(x) In(x)d /P(a:) cosrd /ez cos x df
Log - da - mu - lugng a a a a
u P(x) Inz P(x) e®
dv e® dz P(x)dz coszdx coszdx

Chti y: Nén chon u 13 phan ctia f(x) ma khi ldy dao ham thi don gidn, chon dv = v/ dz 1a phan ctia f(z)dz 1a
vi phan clia mét ham s6 da biét hodc cé nguyén ham dé tim.

Tich phén cdc ham sd so cdp co bdn

@ Tich phén hadm hiru fi

%

B B
dz 1 adx 1 B
I_/ax—f—b_a_/ax+b_aln|ax+b|‘a (a #0).

B B

. dx 1
hty:Neul= [ -2 - ko dy —
Chu y: Néu /(ax—i—b)k a/(am—i—b) adz

(6% «

1 el
a(l_k).(aaj—i—b) ‘a.
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5. Tich phan cac ham s6 so cAp co ban

B
dx 5
_/m (a #0,az° +br+c# 0V € [o; (] .
Xét A = b% — 4ac.
. - A — A
& NéuA>0thim1=b;r—\/_,x2=b;—‘/_,khidé
a a

IR 1 o ( 1 1 )
ar2 +brx+c alz—z)(x—12) alzi—x) \z—27 T2/’
suy ra

r — 21

‘ B

«

B
1 1 1 1
I = /< — ) dx = .In
a(xy — x2) T—x1 T — T a(x) — x2) T — Ty

. 1 1 —b
@ Néu A =0 thi = t dé xg=—.8
e Yz + bz +c a(x — xg)? rone €0 To = g, - P

B

1 B
/a:ﬁ—l—bx—i—c /(x—xo)z__a(x—xo)‘a'

«

dz
b\ ()]
(+%>+( @J]
b —-A —A .
Datx+%:\/Etant:dxzy/@(lﬂan%) dt. Khi d6

- J;Eajmﬁﬂ 2(ﬂ:j1¢g§&:l¢@§w_a)
QGK¢§§mm)+<¢§§>] A

%

B

B
¥ NéuA<O0thilI= / /
ax2+ba:+c

mx +n
——dz
axr? +br+c

«

mx +n

trong dé, a # 0 va f(x) = a2+ bz +c

lién tuc trén doan [a; f].

1) Bing phuong phap dong nhat hé sb ta tim dugc A va B sao cho

mz+n  Alaz? + bz +c) B
ax2+br+c¢  ax?+4br+c ar?+br +c
A(2ax +b) B

ax?+bxr+c ax?+br+c
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

B B B
mz +n A(2az +b) B
2 _— g _— _—
) Suyra/a$2+bx+cdx /ax2—|—bx+cdx+/ax2+bx+cdx

&7 o &7

5
A(2
© Ilz/de=A1n|ax2+bx+c| ¢
ax? +bx + ¢ o

«

B A

«

%

trong d6, P(z) va Q(z) 1a céc da thic bién x.
1) Néu bac P(z) 16n hon hosic bang bac Q(x) thi ta ding phép chia da thiic.
2) Néu béc ciia P(x) nho hon béac clia Q(z) thi c6 thé xét cic trusng hop:
™ Q(z) chi ¢6 cdc nghiém don oy, ag, -, q, thi

P(Z’) A1 A2 An

Q(x) x—a1+x—ag+”'+az—an'

& Khi Q(z) c6 nghiém don va vo nghiém: Q(z) = (z — a) (2% + pr + q) v6i A = p*> —4¢ < 0 thi

Plz) A Bz +C
Qx) z—a z2+pr+q

@ Khi Q(z) ¢6 nghiém boi

© Qz) = (z —a)(z - B)
@ Q) =(z—a)*(z— )’ thi

P(x) A B C
S ) Tr—a B @oAp

P(z) A B , ¢ D E
Qz) z-a (z-a)? z-8 (z-8)? (z-B8)%

@ Tich phdn hém vé ti

trong d6, R [z; f(z)] c6 dang

E/R(x; a—m) dat r = a - cos 2t, tE[O;E].
+x 2
4 R(x; Va2 —x2) dat x = |a| - cost, t € [0;7] hoac z = |a| -sint, t€ [—g,g]

4 R(:v; Va2 —a2) dat © = %,t € [O,w]\{g}
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5. Tich phan cac ham s6 so cAp co ban

4 R(x; \/aQ—I-xQ) dat z = |a| - tant, te€ (—E'z).
& R(u K/M—H) dit ¢ = Q/M_H,
cx+d cx+d

¥ R(x; f(x
(@ f(@) = x+b)\/ax2+,8x+
bat t = \/axz? + Bz + v hoac t =
:v-l—b

v R(x; Wz, /T, -, "), goi k = BSCNN {ny,--- ,ny} diit z = t*.

%

v6i (ax? + Bz +7) = ax + b.

B
1= / ————dx|, a#0.
\/ax2+bx+c 7
b\ A
Ta o6 f(z) = ac? =a|(zt o) 2|
a co f(r) =az*+br+c a{a:—i—% 4a}
U=+ —
Dit 20 qy = da.
p= 2
4a
& Néua>0va A <O0suyra/f(z) =+/a(u®+k?).
Phuong phap giai
bt vVax? +bx +c=t—+/a-x suy ra
t2—c 2
= ———‘doe = ———=tdt
{bx—i—c:tQ—Q\/E-x N T2 Y T by 2va
r=a=t=tgr=F=>t=1t t?—c
t—vVa-r=t—va——.
Va-w \/ab+2\/a
2 b
E;/NéquOsuyra\/f(ac):\/ax—i—%'.
Phuong phap giai
In |z + b ’B éu x + b >0
— - -In|lz+ —|| néux+ —
2a | la 2
Khidélz/—bdx: \/al “b ) “b
b \/E|x+% —%'IHCC-I-% anéum+%<0.
™ Néu A > 0 suy ra /f(z) = \a(z — z1)(z — z2).
B (2 — 21t
® Néua > 0dit \/a(z —z1)(z — z2) = ( )
(7 — 29)t
B (21 — )t
® Néua < 0dit \/a(z —z1)(z —z2) = (21~ 2)
(xg — )t

vazx? +bx +c

B
1= / mrtn ————————dz|, a#0.
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

Phuong phap giai

mr+n _A(ax2+bx+c)/+ B
Var2 +bz+c  VarZ tbr+c vaz?+bx +c

& Quy dong mau sb, sau dé dong nhat hé sb hai tit s6 dé suy ra hé hai 4n s6 A, B.

& Phan tich

@ Giai hé tim A, B thay vao ().

B 7 1
& Tinh I =24\ ax? + bz + c’ + B/ - dz.
@ vax?+bx+c

dx dugc tinh & dang 1.

B
1
Trong dé / _—
var?+bxr+c

%

; 1
I:/ dz |,
(mx +n)vVar? +bx + ¢

a-m#0.

Phuong phap giai
1 B 1
(mz +n)vVar? + bz + ¢ m(x—i—ﬁ) N o Ea
m

& Phéan tich (1).

1 1
1 x+t T+ t)2
™ Dit-=z+— = (= +1) ,
Y m 1 9 1 1
r=—-——t=ar‘+br+c=al——t)] +b(——t)+c
Yy Yy Yy

/3/
@ Thay tat ci vao (1) ta dugc I = /

dy, tich phan nay da tinh & dang 1.

1
VIy?+My+ N

B
I:/R(x; "{/ax—'—b)dx.
cx+d

trong d6 R(x;y) 14 ham sb hitu ty ddi véi hai bién s6 z, y va a, 8, 7, 0 1a cdc hang s6 da biét.

Phuong phap giai

+b
E;/thtzvax 1).
@ cr+d (1)

& Tinh « theo ¢ (bang cich nang liiy thita bac m hai vé ciia (1) ta c6 dang = = ¢(t)).

& Tinh vi phan hai vé dz = ¢/ (t)dt va ddi can.

’

B
& Khidé I = / Rt 0(t) ¢ (6)dt.
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5. Tich phan cac ham s6 so cAp co ban

@ Tich phan ham luvong giac

1. M6t sb cong thirc lugng giac

1) Coéng thitc cOng

™ cos(a+b) =cosa-cosbFsina-sinb;

™ sin(a+b) =sina-cosb+tsinb - cosa;
t + tanb

4 tan(a:l:b) = M

1Ftana-tand

2) Cong thitc nhan doi

1 — tan?
@ cos2a = cos’a —sin’a =2cos’a—1=1-2sin’a = —an2a_;
1+tana
2ta 2ta
™ sin2a = 2sina - cosa = —ni; O = na2 :
1+ tan“a 1 —tan2a
™ cos3a =4cos® a — 3cosq; sin3a = 3sina — 4sin® .
3) Cong thirc ha bac
& sin2q — ﬂ; cos2a — 1—|—cos2a; an?a — 1—C082a;
2 2 1+ cos2a
& Sin3a:w; cossazw
4 4
4) Coéng thic tinh theo ¢
" a .. . 2t 1—¢2 of
~ let:tan§ thi sula:m; cosa = 1+t2; tana — —

5) Céng thitc bién ddi tich thanh téng
™ cosa-cosf = %[cos(a + B) + cos(a — B)];
™ sina-sinf = %[cos(a — B) — cos(a + B)];
™ sina-cosff = %[Sin(a + 8) + sin(a — B)].

6) Cong thitc bién ddi téng thanh tich

4 cosoz—|—cos,8=2(:osa;ﬂ-cosagﬁ;
v cosa—cosﬁ:—2sina;5-sina;B;
4 sina-l—sinB:QSina;’B-cosagﬁ;
~ sina—sin5:2cosa;ﬁ-sina;ﬂ;
4 tana+tanﬂ:m—+m;

cos acos 3
& tana — tanf = 22 —F)

cos a.cos 3

7) Coéng thic thudng dung

3 4
& cos*a +sinta = W;
543 4
& cos®a +sina = %.
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

Hé qua

™ cosa +sina = v/2cos (a— %) = /2sin (a+ %>’

™ cosa —sina = /2 cos (a-|— 2) = —+/2sin (a— %)

2. Mét sé dang tich phan lugng giac

b
® Néu gap dang I = /f(sin r) cos rdz ta dit t = sinx.
a

b
@ Néu gap dang I = /f(cos x) sin xdz ta dat t = cos z.

a

b
. d
@ Néu gip dang I = /f(tan:z:) 323 ta dit t = tanz.
cos? x
a
b
£ v dz o
@ Néu gip dang I = /f(cot r)——5— ta dat t = cotx.
sin® x
a

@

L = /(sinx)”dx; Ig/(cos x)"dz

Phuong phdp gidi
@ Néu n chan thi sit dung cong thitc ha bac.
@ Néu n = 3 thi sit dung cong thitc ha bac hoic bién ddi.

& Néu 3n 1& (n = 2p + 1) thi thyc hién bién d6i
L = /(Sinx)”dx = /(Sinx)zp + 1dz
= /(Sin z)*Psin zda = —/ (1- cos? x)pd(cos x)

= —/ [Cg — Cpcos® x4 -+ + (=1)FCF (cos® CIZ)k

+ ... 4 (=1)PCP (cos® m)p] d(cosz)

1 (-1)*
_ 0 1.3 k 2k+1
= - {CP cosx — ngcos G RO me(cosx)
(=17 2p+1
+---+2p+1Cg(cosm)p +C.

I, = /(cosx)"dx = /(cosx)Qp + 1dz
/(cos z)?P cos xdx = / (1 —sin?z)” d(sinx)

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"

CS 1: Canh Bai hoc Tay Béc

CS 2: Gan ngd ba Quyét Théng



fb.com/hoangdhtb
hoangtaybac.edu.vn

5. Tich phan cac ham s6 so cAp co ban

— [ [eB- Chaitant oot (-1 (o)
4+ (-1)PCE (sin2 x)p] d(sin z)

lsin®z + -+ (=D ck
P 2k+1 P

(sin x)%F !

= {Cg sinx — %C

o+ (_—1)Iij(sinx)2p+1} + C.
2p+1 P

%

I= /sinmxcos" zdx (m, n € N)

Phuong phdp gidi
1) Trudng hgp 1: m, n 1a cic s6 nguyén.
@ Néu m chin, n chan thi stt dung cong thitc ha béc, bién d6i tich thanh tong.
& Néu m chin, n 1¢ (n = 2p + 1) thi bién déi
[ = /(sin x)™(cos )% + 1dx = /(sin )™ (cos )P cos xdx
/(sin z)™ (1 — sin? x)p d(sinz)

/(sinx)m [Cg —Cpsin®z+ -+ (—1)’“0’; (sin? a:)k

+ o+ (—1)PCE (sin?z)"] d(sin )

B {O(Sinx)m“_ | (sinz)m+3
B P om+1 P m+3
- N2k+14m
(o) ST
o (F)TG 2k+1+m
(Sin x)2p+1+m
BTN LY 1o Akt A e
o (F)C writm 7T

& Néum 1é (m =2p+ 1), n chan thi bién d6i
I = /(sin 2)? + 1(cos x)"dz = /(cos x)" (sin ) sin zdz
= - /(cos )" (1 — cos®z)" d(cos z)
= —/(cosm)" [Cg—Czl)coszx—i—---—i—(—l)kC’; (cost)k

+ -+ (-1)PCP (cos® x)p] d(cos z)

B [ o (cosz)mtl 1 (cos z)n+3
B Pn+1 P n+3
+...+(_1)kckw
P 2k+14+n
(cos z)2PH1+n
g (—1pep ST T o
oot (CDPG 2p+1+n +

& Néu m 1&, n 1& thi sit dung bién ddi 1.2. hoiic 1.3. cho s6 mii 1& bé hon.
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

& Néu m, n la cdc s6 hitu ti thi bién ddi va dit v = sinz.

n—1

B = /sinm xcos™ xdx = /(sin x)™ (0082 z) ? cosadw

/um (1- uQ)HT_l du (%)

m+1'n—1_m+k
2 7 27 2

%

I = /(tanx)”dac; I, = /(cot x)"dz(n € N)

la so nguyén.

Tich phan (x) tinh duge < 1 trong 3 sb

Phuong phdp gidi

4 /(1+tan2x)dx=/ dgg :/d(tanx):tanx—i—c;
cos? x

4 /(1+cot2x)dx:/ dz =—/d(cot:r):—cotx+C;

sin? x
sin z d(cos x)
B/tanmdmz/ d:cz—/—:—ln|cosx|—|—0;
cos T cos T
4 /cotmdx:/C?Sxdxz/d(s,l—nm)zlnbinﬂ—l-c.
sin sin

@ U'ng dung cta tich phan

@ Dién tich hinh phéng

1. Dién tich hinh phang gidi han bdi 1 dudng cong va truc hoanh
Dién tich hinh phing gi6i han béi d6 thi ham s6 y = f(x) lién tuc trén doan [a;b], truc hoanh va hai dudng

b
thing © = a; = = b duge xac dinh: S = / |f(z)|da.

)
y=f(x)
— b
' |s= [ i@
0 z o

2. Dién tich hinh phang gidi han béi 2 dudng cong

Dién tich hinh phing gi6i han béi do thi ham s6 y = f(z), y = g(x) lién tuc trén doan [a;b] va hai dudng thing
T = a, x = b dugc xac dinh:

b
S = / (@) — g(a)|de.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"

CS 1: Canh Bai hoc Tay Béc

CS 2: Gan ngd ba Quyét Théng



fb.com/hoangdhtb

hoangtaybac.edu.vn

6. Ung dung ctia tich phian

Y
Cy):y= folx
(H) ; )ay fa(z)

b
s=/a F1(@) = fala)] da

7177707777777,

[}

[}

]

i ,
O| a ¢l gz oo Xy x
(C1)

@ Néu trén doan [a;b] ham s6 f(x) khong ddi dau thi:
b b
[ 1@ =| [ fa)a).

@ Nim viing cch tinh tich phan ctia ham sb c6 chita gia tri tuyét doi.
& Dién tich clia hinh phing giéi han béi cic duong = = g(y), = = h(y) va hai dudng thing y = ¢, y = d
d
duge xac dinh: / lg(y) — h(y)|dy.
c

@ Thé tich vat thé va thé tich khéi trdn xoay

1. Thé tich vat thé

Goi B 1a phan vt thé giéi han béi hai mit phang vudng géc véi truc
Oz tai cac diém a va b; S(x) 1a dién tich thiét dién ctia vat thé bi cat
béi mit phang vudéng goéc véi truc Oz tai diém z, (a < z < b). Gia

stt S(z) 1a ham s6 lién tuc trén doan [a; b].

V= /:S(:p)dx

2. Thé tich khéi tron xoay

& Thé tich khéi tron xoay duge sinh ra khi quay hinh phang giéi han béi cic dudng y = f(z), truc hoanh
va hai dudng thing = = a, £ = b quanh truc Oz:

y
(@):y=f(z)
,’I (Ox):y=0
:' " T=a
o S
N Vo= [ @)

& Thé tich khéi tron xoay duge sinh ra khi quay hinh phéng giéi han béi céc dudng = = g(y), truc hoanh
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Chii dé 3. Nguyén ham - Tich phan. Ung dung tich phan

va hai dudng thing y = ¢, y = d quanh truc Oy:

oy (C): z=g(y)
(Oy): =0
y=c
y=d

-

d
Vy=m / l9(y))*dy

& Thé tich khéi tron xoay dugc sinh ra khi quay hinh phing giéi han béi céc duong y = f(x), y = g(z) va
b
hai duong théng z = a, = b quanh truc Oz: V = 7r/ \fQ(x) - g2(:n)| dz.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"

CS 1: Canh Bai hoc Tay Béc

CS 2: Gan ngd ba Quyét Théng



s& proc

$4 phirc

@ Knhdi niém sé phirc
@ S6 phiic (dang dai s6): z = a+bi (a, b € R). Trong dé a 1a phan thuec, b 1a phan 4o, i 1a don vi 4o, 2 = —1.
& Tap hop sb phiic ki hiéu 1a C.
& 214 s6 thuc < phan 4o ciia 2z bang 0 (b = 0).
& 214 s6 4o (hay con goi 1a thuan 40) < phan thuc bang 0 (a = 0).

™ S6 0 vita 1a s6 thuc vita 1a s6 4o.

@ Hai s6 phirc béng nhau

& Hai s6 phitc 2 = a +bi (a, b € R) vd 25 = ¢+ di (¢, d € R) bang nhau khi phan thuc va phan o ciia
chiing tuong ting bang nhau.

& Khidbtavitt 21 =20 @ a+bi=c+di &

© Biéu dién hinh hoc sé phirc

S6 phiic z = a + bi (a, b € R) dugc biéu dién bdi diém M (a;b) hay bsi & = (a;b) y
trong mit phang phtic (mét phang véi hé toa do Oxy). plhooooooo_

QF—-—-———--—

$b phtc lién hop
S6 phitc lién hgp clia z = a + bi (a, b€ R) 14 Z = a — bi.

¥ Z=z zEx2=2+72; z-2=%-72.

Z Z1
~ <—1> =L .z =a% 402
) Z9

™ z1as6 thuc < z = 7Z; 2 1a s6 4o khi va chi khi z = —Z.

@ M&-dun cla sb phirc
1. Dinh nghia

D6 dai ctia véc-to OM duge goi 14 mo-dun ciia sé phitc 2z va ki hiéu 14 |z|.
Viy [2] = \OM\ hay |2| = |a + bi| = ]OM] = VaZ + 2.

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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Chii dé 4. S phiic

2. Mbt sb tinh chat

o4 |z|:\/a2+b2=¢§=‘o_M’

12 = 1zl
™ |2/ >0,Vz2€C; |z =0 2=0.

Z1 lz1] 21 1%

22

1, 21 _
22| 22 |Zz|2

& |21 - 22| = [21] - |22l;

& |lz1] = |z2l| < |21 £ 22| < 21|+ |22]-

Phép cdng trir, nhan chia sé phic

@ Phép cong va phép trir sd phirc
Cho hai sb phtic z; = a + bi (a, b € R) va 29 = ¢+ di (¢, d € R). Khi d6
21t 20=(a+c)£(b+d)i.
® S6 dbi ctia s6 phitc z = a + bi la —z = —a — bi.
™ Téng ctia mot sb6 phiic v6i sd phite lién hop clia né bang hai 1an phan thuc ctia sb phitc d6: z = a + bi,
z+Z = 2a.
@ Phép nhan sé phirc
@ Cho hai s6 phitc z; = a + bi (a, b € R) vd 2z = c+di (¢, d € R), khi d6
2129 = (a4 bi) (¢ + di) = (ac — bd) + (ad + be) i.
@ Véi moi s6 thuc k va moi s6 phitc z = a + bi (a, b € R), ta c6
kz=k- (a+ bi) = ka + kbi.
Pic biét, 0- z = 0 v6i moi s phiic z.

@ Liiy thita ctia 4, v6i moi n € N* ta c6

® % =1. @ " =1.
@ it =i. @ itntl =,
® i? =-1. @ it = 1.
@ 3 =i%.i=—i @ it = 4,

@ Chia hai sb phirc

P P 1
& S6 phtic nghich ddo ctia z khac 01a 86 271 = W - Z.
z
i . Do, R 2 . 2z 2z
o Phép chia hai s6 phiic 2’ va z #01a — = 2'2~ ZW:—_.
z 2 z-Z

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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3. Phuong trinh bac hai v6i hé s thuc

Phuong trinh béc hai véi hé sb thuc

@ Can bac hai clia sé thyc am
@ Cho sb z, néu cé sb phitc z; sao cho 27 = z thi ta néi z; 14 mot cin bac hai ciia z.
® Moi sb phiic z # 0 déu c6 hai can bac hai.
& Cin béc hai clia s6 thye z am 1a 4i/]z].

@ Téng quét, cic cin bac hai clia s6 thuc a am 1a +iy/]al.

@ Phuong trinh béc hai véi hé sé thuc

Cho phuong trinh béc hai ax? +bx +c =0, Va, b, c € R, a # 0. Xét biét s6 A = b? — 4ac ctia phuong trinh. Ta
thay

—b
& Khi A = 0, phuong trinh ¢6 mot nghiém thuc z = 5
a

—b+ VA

@ Khi A > 0, phuong trinh c¢6 hai nghiém phén biét z1 5 = 5

—b+i\/|A
@ Khi A < 0, phuong trinh ¢ hai nghiém phtc 21 2 = +||
a

Tap hop diém biéu dién sé phirc

@ Pinh nghia

Trong mat phéng phiic, s6 phttc z = z +y-i v6i z, y € R duge biéu dién béi diém M (z,y). Mot s6 tap hop diém
biéu dién s phiic z thudng gip

& az+ by +c =0 = tap hop diém 14 dudng thing.

«

x =0 = tap hop diém 13 truc tung Oy.

Q

y = 0 = tap hop diém la truc hoanh Oz.

Qq

(x —a)®> + (y — b)*> < R2 = tap hop diém 1 hinh tron tAm I (a;b), ban kinh R.

(z—a)® + (y — b)* = R?
2 +y? —2ax —2by+c=0

«

= tap hop diém 1& dudng tron c6 tam I (a;b), ban kinh R = va? + b2 — c.

«

x> 0 = tap hop diém la mién bén phai truc tung.

«

y < 0 = tap hop diém 1a mién phia duéi truc hoanh.

«

2 < 0 = tap hop diém 14 mién bén trai truc tung.

& y > 0 = tap hop diém 14 mién phia trén truc hoanh.
™ y = ax? + bz + ¢ = tap hop diém 13 duong Parabol.
x? g2 .
v =+ 2= 1 = tap hgp diém 1a dudng Elip.
a
22 9P .
4 = 1 = tap hgp diém 13 dudng Hyperbol.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 4. S phiic

Bai todn lién quan dén max, min md-dun sé phirc

Z9 T
max|:c| = |— m
£ z
@ Cho s6 phtic z théa man |z1 - z + 22| =7, (r > 0), thi ! !
Z r
min|z| = || 2| - —|.
Z1 |21|
@ Cho s6 phtic 2 théa min |z; - 2 — 20| =7, (r > 0).
max P =|— — z3 +LvaminP: el 3‘—L.
Z1 |2’1| Z1 |211|

@ Cho s6 phtic z théa man |21 - z + 2| + |21 - 2 — 22| = k, (r > 0) thi

V k2 — 4]z

2 |z|

max |z| = va min |z] =

k
2|2|
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Khéi 1éing tru va khéi chép

1) Khéi lang tru (chép) 1a phan khong gian duge gisi han bdi mét hinh ling tru (chép) ké ca hinh ling tru
(chép) dy. Khéi chép cut 14 phan khong gian duge gidi han bdi mot hinh chép cut ké ca hinh chép cut Ay.

2) Diém khéng thudc khéi lang tru (khéi chép, khéi choép cut) duge goi 1a diém ngoai ctia khéi ling tru (khéi
chép, khdi chép cut). Diém thuoc khéi ling tru nhung khong thudc hinh ling tru tmg v6i khdi ling tru
(khdi chép, khéi chép cut) d6 duge goi 1a diém trong ciia khéi lang tru (khdi chép, khdi chép cut).

Khdi niém vé hinh da dién va khéi da dién

@ Knai niém v& hinh da dién

1) Hinh da dién (goi tit la da dién) 1a hinh duge tao bdi mot sé hitu han céc

da gidc théa man hai tinh chat:

@ Hai da gidc phan biét chi c6 thé hoac khong c6 diém chung, hoiic chi

y--F---

¢6 mot dinh chung, hodc chi c6 mot canh chung.

@ Mai canh cla da gidc ndo cling 14 canh chung clia ding hai da gidce. |’ ,\

2) Moi da gidc goi 1a mot mat ctia hinh da dién. Cac dinh, canh cia cdc da

gidc ay theo thtt tu dude goi 1a cdc dinh, canh ctia hinh da dién.

@ Kndi niém vé& khéi da dién

& Khbi da dién 1a phan khong gian dugce gisi han bai .
PO A LR A2 A diém trong dié, >
mot hinh da dién, ké ca hinh da dién dé. 1€m Ngoat

@ Nhimg diém khong thudc khéi da dién duge goi 1a M /
diém ngoai ctia khoi da dién.

Nhiing diém thudc khdi da dién nhung khéng thuoc hinh da dién dé duge goi 1a diém trong ciia khéi da dién.
Tap hop cac diém trong dugc goi 1a mién trong, tip hop nhitng diém ngoai dugc goi 14 mién ngoai ciia khbi da

dién.

@ Mai hinh da dién chia cdc diém con lai cia khong gian thanh hai mién khong giao nhau la mién trong va

mién ngoai clia hinh da dién, trong d6 chi cé mien ngoai la chta hoan toan moét dusng thang nao dé.

"Trén buéc dusng thanh céng khéng cé dau chan cia ké Iluci biéng"
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3. Hai da dién bang nhau
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@ Hai da dién béang nhau

@ Phép doi hinh trong khéng gian

bién hinh trong khong gian.
* Mot s6 phép doi hinh trong khong gian:

1. Phép tinh tién theo vectd v

Trong khéng gian, quy tic dit tuong ting mdi diém M véi diém M’ xéc dinh duy nhat duge goi 14 mot phép

Phép bién hinh trong khong gian dude goi 1a phép dai hinh néu né bao toan khoang cich giita hai diém tiy .

Noi dung Hinh vé
La phép bién hinh bién mdi diém M thanh diém M’ sao cho T)’/.’/’ M’
MM =7.
M
2. Phép dbi xitng qua m3t phing (P)
No6i dung Hinh vé

La phép bién hinh bién mdi diém thudc (P) thanh
chinh né, bién médi diém M khéng thuoc (P) thanh
diém M’ sao cho (P) la mit phing trung triuc cia
MM’

Néu phép dbi xting qua mit phang (P) bién hinh
H thanh chinh né thi (P) duge goi la mit phing
d6i xting ctia H.

3. Phép d6i xirng qua tam O

Néu phép dbi xtmg truc A bién hinh (H) thanh chinh né thi
A dudge goi 1a truc déi xtng ctia (H).

Noi dung Hinh vé
La phép bién hinh bién diém O thanh chinh né, bién mdi diém
M khac O thanh diém M’ sao cho O 13 trung diém M M.

; f S f ]\;[’
Néu phép dbi xiig tdAm O bién hinh (H) thanh chinh né thi
O duge goi 1a tam déi xtmg ctia (H).
4. Phép dbi xitng qua dudng thang A (phép dbi xitng truc A)

N6i dung Hinh vé
La phép bién hinh bién moi diém thudc duong thzamg A thanh A
chinh né, bién méi diém M khong thuée A thanh diém M’ sao —4 W
cho A la dudng trung truc ctia MM’ . M o

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386
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Chii dé 5. Khéi da dién

@ Nhan xét.
& Thuec hién lién tiép cac phép doi hinh sé dude mot phép doi hinh.

& Phép doi hinh bién da dién (H) thanh da dién (H’), bién dinh, canh, mit ctia (H) thanh dinh, canh,
mat tuong tng cia (H').

@ Hai hinh béng nhau

Hai hinh da dién dugc goi 14 bang nhau néu c6 mot phép dsi hinh bién hinh nay thanh hinh kia.

Phén chia va Idp ghép cdc khdi da dién

Noi dung Hinh vé

Néu khéi da dién (H) 1a hgp ctia hai
khéi da dién (H;), (Hz) sao cho
(Hy) va (Hs) khong ¢ chung diém | \
trong nao thi ta néi ¢ thé chia duge : <

khéi da dién (H) thanh hai khéi da i
dién (Hy) va (Hsy), hay c6 thé 1ap
ghép hai khéi da dién (Hy) va (Hy) EN (Hs)
v6i nhau dé duge khéi da dién (H). S

Khéi da dién 16i

@ Knéi da dién 16i

Mot khéi da dién duge goi 1a khéi da dién 16i néu véi bat ki hai diém
A va B nao ctia né thi moi diém ciia doan AB ciing thudc khéi dé. ‘ -

|

|

|

N g

Khéi da dién 16i Khéi da dién khéng 16i

Luu §:

1) Mot khéi da dién 1a khéi da dién 161 khi va chi khi mién trong ctia né P

luén nam mot phia d6i v6i mdi mat phang di qua modt mét clia né.

2) Céng thitc O-le: Trong mot khéi da dién 16i néu goi D 1a s6 dinh,
C 1a s6 canh, M 1a s6 mat thi ta luén c6 D+ M = C + 2.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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5. Khéi da dién 16

@ Khéi da dién déu
1. Dinh nghia

1) Khoi da dién déu 14 mot khdi da dién 16i ¢6 hai tinh chat sau day

@ Céc mait 1a nhitng da gidc déu p canh.

@ Mbi dinh 1a dinh chung ciia ding ¢ canh.

2) Khéi da dién déu nhu vy goi 14 khéi da dién déu loai {p; q}.

2. Dinh Ii
Chi c6 nam khéi da dién déu. D6 1a:
™ Loai {3;3}: khéi tit dién deéu.
™ Loai {4;3}: khéi 1ap phuong.
™ Loai {3;4}: khéi bat dién deu.
™ Loai {5;3}: kh6i mudi hai mét deu.
™ Loai {3;5}: khéi hai muoi mét deu.

Tham khao hinh biéu dién ctia nim loai khéi da dién.

[SR -

g ‘q.’ el
PO Khéi lap phudng PO Khéi hai mudi mit déu
Khoi t& dién déu Khoi bat dién déu Khdi mudi hai mit déu

3. Bang tom tat ciia nam loai khéi da dién déu

Pa dién déu canh a S6 | S6 | S6 | Thé tich Ban kinh R
dinh canh mat \ 4 mit cau ngoai
tiép
. 243
Tt dién déu {3; 3} 4 6 | 4 ‘/1_; “T‘/g
3
Lap phuong {43} s | 12 | 6 a %
. 243 2
Bt dien déu {3;4} 6 | 12 | 8 \/;“ %
A 1 V15
Mudi hai mat déu {5;3} | 20 | 30 | 12 #ﬁfﬁ V3+ VI —
. 15 +5v/5 V10 + 20
Hai muoi mit déu {3;5} | 12 | 30 | 20 _5—2\/_(13 Z

Gia stt khéi da dién déu loai {p; ¢} c6 D dinh, C canh va M mat thi ta ludén cé

qg-b=2C=p-M

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 5. Khéi da dién

© Mot sb két qua quan frong vé khéi da dién 15i
1. Kétqual
Cho mdt khéi tit dién déu. Khi do:
@ Céc trong tdm clia cdc mit ctia n6 1 cac dinh ctia mot khoi t dién déu;

@ Céc trung diém ciia céc canh ctia n6 1a cdc dinh ctia mot khdi bat dién déu (khoi tdm mat déu).

2. Két qua 2

Tam ciia cidc mat ctia mot khoéi lap phuong 1a cac dinh ctia mot khoéi bat dién déu.

3. Két qua 3

Tam clia cidc mat ctia mot khoi bat dién déu 1a cac dinh ctia mot khoi lap phuong.

4. Két qua 4

Hai dinh ctia mot khdi bat dién déu duge goi 1a hai dinh déi dién néu chiing khéng cling thudc mot canh ciia
khéi d6. Poan thing nbi hai dinh dbi dién goi 14 dudng chéo ctia khdi bat dién déu. Khi dé:

@ Ba dudng chéo cit nhau tai trung diém ctia mdi dudng;
' Ba dudng chéo déi mdt vudng gbc véi nhau;

@ Ba dudng chéo bang nhau.

Thé tich khéi da dién

@ Thé tich khéi chép

Noi dung Hinh vé

1 S
Venep = ngéy -h

Saay 1a dién tich mat ddy
Trong doé R ,
hla chieu cao khoi chop.

1
Vs.aBcp = gSABCD -d(S, (ABCD))

@ Thé tich khéi lang try

| Noi dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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6. Thé tich khéi da dién
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| VLéng tru — Sdéy -h

Saay 1a dién tich mat da
Trong d6 { % ° Y
hla chiéu cao lang tru.
Lwu 4: Lang tru ding cé chiéu cao
chinh 14 d6 dai canh bén.

A/

@© Thé tich khéi hdp chir nhat

Noi dung

Hinh vé

VHC)p chit nhat = abc

Trong d6 a, b, ¢ la do dai cédc canh
khéi hop chit nhét.

Thé fich khéi 1&p phuong

Noi dung

Hinh vé

D/

B’ o

@ Tisé thé tich

Noi dung

Hinh ve

Vsapc  SA" SB" SC’

Vsapc SA SB SC

Thé tich khéi chép cut ABC.A'B'C’

h

V=—-
3

(B + B+ \/BB’)

Vé6i B, B, h 1a dién tich hai ddy va chiéu ca

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386

"Trén budc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"



fb.com/hoangdhtb

hoangtaybac.edu.vn
Chii dé 5. Khéi da dién

Mot s& chd y vé dé dai céc dudng ddc biét
& DPuong chéo clia hinh vudéng canh a 13 av/2.
& Puong chéo clia hinh lap phuong canh a 13 av/3.

& Duong chéo ciia hinh hop chit nhat c¢6 3 kich thuéce a, b, ¢ 1a vVa? + b? + 2.
av/3

& Dudng cao clia tam gidc déu canh a 1a -

@ Cdc céng thirc hinh phéng

@ Hé thirc lvong trong tam gidc
1. Cho AABC vuong tai A, dudng cao AH

& AB? + AC? = BC2. 4
& AB? = BH - BC.

@ AC?=CH - BC.

@ AH-BC = AB - AC. B H C
1 1 1

v/ =

“ am = ap tace

& AB = BC -sinC = BCcos B = ACtanC = AC cot B.

2. Cho A ABC c6 d6 dai ba canh la a, b, ¢, d6 dai cac dudng trung tuyén 13 mg,, my, m.; ban kinh
dudng tron ngoai tiép R; ban kinh dudng tron ndi tiép r; nita chu vi la p

& Dinh li ham s6 cosin
a? = b% + ¢ — 2bccos A. b% = a? + ¢ — 2accos B. ? =a?+b® —2abcosC.

a b c

smA sinB _sinC 21

& Pinh i ham sb sin:

& Do dai trung tuyén
2b2 + ) — a2
2 — b*+c*)—a .

2(a? + c?) — b?
a 4 °

2(a? + b%) — 2
1 ==t

O N
|

2 _
mb_

3. Cac cong thic tinh dién tich
3.1. Tam giac

1 1 1
V = —q - = —0 - — —C -
() 50 he 2b he 5¢ he.

1 1 1
& S = ébcsinA = —casin B = iabsinC.

2
abe
4 _
() R
& S=npr.

& S=plp—a)lp-bk-o.
AB-AC BC-AH
2 2
N
2 1

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iuci biéng"
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8. Mét sb cong thivc tinh nhanh thé tich khéi chép thudng gip

3.2. Hinh vubéng
~ ( a 1a canh hinh vubng )

3.3. Hinh ch@® nhat

4 ('@,b 1 hai kich thuéc )

3.4. Hinh binh hanh

¥ |S= dziyxcaOZAB-AD-sinB/A\D

3.5. Hinh thoi

& |S=AB-AD -sin BAD = %AC-AD ('a,b 1a hai kich thudc )

3.6. Hinh thang

1 N
- S:§(a+b)h (‘a,b1a hai ddy, h 1a chiéu cao )

3.7. T gidc c6 hai dudng chéo vudng géc AC va BD

= S:%AC-BD

M&t s6 cdng thirc tinh nhanh thé tich khéi chép thudng gdp

No6i dung Hinh vé

Cho hinh chép S.ABC véi cidc mit phang A
|

I

I

I

I

I

(SAB), (SBC), (SAC) vudng gbc v6i nhau
tirng doi mot, dién tich cdc tam gidc SAB,
SBC, SAC lan lugt 1a S1, Sz, S3. Khi d6

V25152853

Vs.aBc =

Cho hinh chép S.ABC ¢6 S A vudng gbc véi
(ABC), hai mit phang (SAB) va (SBC)

vuong gbéc véi nhau, ASB = o, BSC = f.
Khi d6

SB3 . sin2a - tan 8
12 ’

Vs apc =

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 5. Khéi da dién

Cho hinh chép déu S.ABC c6 ddy ABC' la 3
tam gidc déu canh bing a, canh bén bang
b. Khi d6
a’V/3b? — a2 A C
Vsapc = ——5—.
12
M
B
Cho hinh chép tam gidc déu S.ABC cé canh S
day bang a vA mit bén tao v4i mit phéng
day géc a. Khi d6
v _ d’tana A C
SABC = — o
M
B
Cho hinh chép tam gidc déu S.ABC c6 cac S
canh bén bang b v canh bén tao v6i mit
phing déy géc 8. Khi d6
V/3b% - sin 3 - cos? 3 A C
Vs.apc = 1 .
M
B
Cho hinh chép tam gidc déu S.ABC c6 cic S
canh ddy bang a va canh bén tao v6i mit
phéang ddy goéc 4. Khi d6
a® - tan g A C
Vsapc = ——5—
12
M
B
Cho hinh chép tit gidc déu S.ABCD c6 ddy g
13 hinh vuéng canh biang a vA SA = SB =
SC =SD =b. Khi d6
VI =22
Vs.apcp = 6
Cho hinh chép tit gidc déu S.ABC D cé canh S
day bang a, géc tao bdi mit bén va mit
phing déy 1a a. Khi d6
a’tan o
Vs.aBop = 5

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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9. Cac cong thiic dic biét ctia thé tich tit dién

Cho hinh chép tit gidc déu S.ABCD cé canh
ddy bang a, SAB = a véi a € (45°;90°).
Khi dé

av/tan?a — 1

Vs.aBcp = 5

Cho hinh chép tit gide déu S.ABCD cé cac
canh bén bang a, gbc tao bdi gitta mat bén
va mit ddy bang a v6i a € (0°;90°). Khi d6

4a3 tan o

V. = .
SABED 3v/(2 + tan? a)3

Cho hinh tam gidc déu S.ABC cé canh déy
bang a. Goi (P) 13 mét phang di qua A, song
song v4i BC va vudng géc véi mit phing
(SBC). Biét a 1a géc giita (P) va mit phing
day. Khi d6

a® cot a

Vs apc = 1

Khéi bat dién déu cé cac dinh 1a tAm céc
mat cta hinh ldp phuong canh a. Khi do
thé tich khoi bat dién déu 1a

S

Tam cic mét bén clia mot bat dién déu canh

a 13 dinh ctia mot khéi 1ap phuong. Khi dé

thé tich ctia khéi 1ap phuong 1a D

2a3/2
y o 2002 *
27 B

S/

Cdc céng thirc déc biét cua thé fich tir dién

| Céng thiic | Didu kién

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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Chii dé 5. Khéi da dién

Thé tich t@ dién khi biét ba canh chung
mot dinh va ba gbc gitta cdc canh & dinh
dé

b
Vsape = %C\/l —x2 —y2 — 22 + 2xyz.

Trong d6 x = cosa, y = cos 3, z = cos~.

SA=a, SB=0b, SC=c¢
ASB =a, BSC = B, CSA = .

Thé tich tit dién khi biét cidp canh doi,
khoang céach va goc gitta cap canh do

1
Vagep = gabd sin av.

AB—a CD=%b

d(AB,CD)
(AB,CD)
Thé tich ctia t dién khi biét do dai canh
chung ciia hai mat, dién tich va géc gitta
hai mat dé oy
&
25155 sin « >
Vsapc = + A ¢
a
B

Sasap = S1, Sasac = S
SA—a, (SAB),(SAC)) =

Thé tich khdi chép tam gidc khi biét ba
canh bén, hai géc 6 dinh va mé6t goc gitta
hai mat bén (géc nhi dién)

abc . . .
Vs.aBc = e sin asin B sin ¢.

SA=a, SB=b, SC=c
ASB = a, ASC = B8
((SAB), (SAC)) =

"Trén budc dudng thanh céng khéng cé diu chan ciia ké Iludi biéng"
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9. Cac cong thiic dic biét ctia thé tich tit dién

Thé tich khéi t& dién déu Vapep =

a2 T dién c6 tit ci cic canh bang
12 a.
D
A C
g
B
. s aa 2

The tich tt dién gan deu V = %
Véiz=a2+02— 2 y=0b+c—a? T dién ABCD cé
2=+ a2 — B2, AB=CD =a, AC = BD =,

AD = BC =c.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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@ Mat nén tron xoay

No6i dung

Dudng thing d, A cit nhau tai O va tao thanh
géc B véi 0° < B < 90°, mit phiang (P) chita d,
A. (P) quay quanh truc A véi géc 3 khong doi =
mat nén tron xoay dinh O.

™ A goi la truc.
™ d dudc goi 1a dudng sinh.

W Géc 283 goi 1a gbc & dinh.

Noi dung

Hinh vé

@ La phan khéng gian dudc gisi han béi mot
hinh nén tron xoay ké ci hinh nén dé.
Nhimg diém khong thuoc khéi nén goi 13

nhitng diém ngoai ctia khoi nén.

@ Nhitng diém thudc khdi nén nhung khong
thudc hinh nén tuong tmg goi 1 nhitng diém
trong ctia khéi nén. Dinh, méit ddy, dudng
sinh ctta mdt hinh nén cling 14 dinh, mat
déy, dudng sinh ctia khdi nén tuong @ng.

@)

Cho hinh nén c6 chiéu cao h, dudng sinh [ va ban kinh day 7.

@ Dién tich xung quanh ciia hinh nén: .

@ Dién tich day (hinh tron): | Sasy = 7r?

@ Dién tich toan phan cta hinh nén: Stp = Sxq + Saay = mrl + mr2 |,

. 2 1 1
& Thé tich khéi nén: | Vys, = ngéyh = §7r7“2h .

"Trén buéc dusng thanh céng khéng cé dau chan cia ké luci biéng"
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2. Mt tru tron xoay va khéi tru

@ Thiét dién khi cét bai mdt phdng

Diéu kién Két qua

C&t mit nén tron xoay bdi mat phang (Q) di qua dinh ciia mat nén.

& Mp (Q) cit mit nén theo 2 @ Thiét dién la tam gidc
dudng sinh. can.

@ Mp (Q) tiép xic véi mit nén & (Q) 1a mit phéng tiép
theo m6t duong sinh. dién ctia hinh nén.

Cit mat nén tron xoay béi mit phang (Q) khéng di qua dinh ciia mit nén.

™ Mp (Q) vudng gbéc véi truc @ Giao tuyén la 1 duong
hinh nén. parabol.

™ Mp (Q) song song véi 2 dudng @ Giao tuyén la 2 nhénh
sinh hinh nén. cia 1 hypebol.

™ Mp (Q) song song véi 1 dudng ™ Giao tuyén 1a mot dudng
sinh hinh nén. tron.

MGt tru tron xoay va khdi tru

Noi dung Hinh vé

Trong mit phang (P) cho hai dudng thing A va [
song song v6i nhau, cach nhau mét khodng bing r.
Khi quay mit phang (P) xung quanh A thi dudng
thing [ sinh ra mot mit tron xoay dude goi 14 mit
tru tron xoay, goi tat 13 mit tru.

& Dudng thiang A goi 13 truc.

& Duong thing [ 1a dudng sinh.

® 7 13 ban kinh clia mit tru doé.

@ Hinh tru tron xoay va khéi tru tron xoay

| Noi dung Hinh vé

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

Ta xét hinh ch@t nhdt ABCD.
Khi quay hinh ch® nhat ABCD
xung quanh dudng thing chia
mot canh nao do, chzamg han canh
AB thi duong gap khic ABCD
s€ tao thanh mot hinh goi 1a hinh

tru tron xoay, hay goi tat 1a hinh

tru.

& Khi quay quanh AB, hai canh AD v BC' sé vach ra hai hinh tron bing nhau goi 1 hai ddy ctia hinh try,

bén kinh ctia ching goi 1a ban kinh ctia hinh tru.
® Do dai doan C'D goi 1a d6 dai duong sinh ctia hinh tru.

@ Phan mit tron xoay dugc sinh ra béi cdc diém trén CD khi quay xung quanh AB goi 1a mit xung quanh
cta hinh tru.

& Khoang cich AB giita hai miit phing song song chita hai ddy 14 chiéu cao ctia hinh tru.

Khéi tru tron xoay hay khéi tru 13 phan khong gian duge giéi han bdi mot hinh tru tron xoay ké ca hinh tru
tron xoay d6. Nhitng diém khong thudc khéi tru goi 1a nhitng diém ngoai ctia khéi tru. Nhitng diém thudc khoi
tru nhung khong thudc hinh tru tuong tng goi 13 nhimg diém trong ciia khéi tru. Mit ddy, chiéu cao, dudng
sinh, ban kinh ctia mét hinh tru ciing 1a Mat ddy, chiéu cao, dudng sinh, ban kinh ctia khéi tru tuong ting. Hinh
tru c6 chiéu cao h, dudng sinh [ va ban kinh day r.

@ Dién tich xung quanh: .

@ Dién tich toan phan: Stp = Sxq +2 - Sasy = 2mrh + 2mr? |,

& Thé tich khéi tru: | Vipy = Sasy - h = 7r2h|.

@ Mat céu vé khédi céu

@ Mat céu

Noi dung Hinh vé

Cho diém I ¢ dinh va mot s6 thue duong
R.

Tap hop tat ca nhitng diém M trong khong
gian cach I moét khodng R dugc goi la mat B A
cau tam I, ban kinh R.

Ki hiéu S(I; R).

Khi d6 | S(I; R) = {M|IM = R}

"Trén budc dudng thanh céng khéng cé dau chan ciia ké ludi biéng"
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@ Vi tri tuong déi clia mat céu v mdt phéng

Cho mit cau S(I; R) va mit phang (P). Goi H 1a hinh chiéu vuéng géc ctia tAm I lén mit phang (P). Suy ra
d = I'H 1a khoang céch tit I dén mit phang (P). Khi dé

d>R

d=R

d<R

Mt cdu va mit phing

khong c6 diém chung.

Mt phéng tiép xic miit
cau: (P) 13 mit phang
tiép dién clia mit cau
va H la tiép diém.

Mt phing cit mit ciu
theo thiét dién 13 duong
tron cé tam H va ban

kinh r = vV R? — d2.

/HL

pl

i i

P

Luu y:

dugce goi la dudng tron 16n.

@ Vi tri tuong déi clia mdt céu va dudng théing

Khi mét phing (P) di qua tAm I clia mit cau thi mit phang duge goi 14 mit phang kinh va thiét dién lic dé

Cho mit cau S(I; R) va dudng thing A. Goi H 13 hinh chiéu vuéng géc ctia tAm I 1én dudng thang A. Khi d6

IH > R

IH=R

IH < R

A khéng cat mit cau.

A tiép xtic v6i mit cau.
A: Tiép tuyén cia
(S).
H: Tiép diém.

A cat mat cau (9) tai

hai diém phan biét.

oA

T

Luu y:

d(I,A) =IH

R=+/IH?+ AH? = IH2+<2

Trong trusng hop A cat (S) tai hai diém phan biét A, B thi ban kinh R cta (S) duge tinh nhu sau:

An)’

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386
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Chii dé 6. Mt nén - mit tru - mat cau

Pudng kinh tuyén va vi tuyén ctia mat céu

No6i dung Hinh vé

Giao tuyén clia mat cau véi nita mit phéng
c6 b 1A truc ctia mit cau duge goi 1a kinh
tuyén.

Giao tu;fén (néu c6) cliia mat cau véi cac s v tugén
mat phang vudng gbéc véi truc duge goi 1a
vi tuyén ctia mit cau.

Hai giao diém ciia mat cau véi truc dude goi

14 hai cuc ctia méat cau.

* Mat cau ndi tiép, ngoai tiép hinh da dién.

Noi dung Hinh vé
Mat cau noi tiep hinh da dién neu mat
X 7 <X 2 2,0 £ 2 7 9 2 !
cau do tiep xuc vdi tat ca cac mat cia e s
R A N Lo 1 N [ N
hinh da dién. Con néi hinh da dién AR BN
2 N Y, -T 1 N
P v X ¥ 1 1
ngoal tiep mat cau. Sy o |
Sa -7
RS M
[ AN T / ,
[ L VAN 2 N
/I‘:_:=\»-/‘:_ __/

Mat cau ngoai tiép hinh da dién néu
tat cd cic dinh ctia hinh da dién déu
nam trén mit cau. Con néi hinh da
dién noi tiép mat cau.

Mat cau tdm O ban kinh r ngoai tiép
hinh chép S.ABCD khi va chi khi

OA=0B=0C=0D=0S=r

Cho mit cau S(I; R)
@ Dién tich mat cau:

. PN 4
& Thé tich khéi cau: |V = §7TR3

M6t s6 dang todn va céng thirc gidi nén va tru

@ Bdi todn mat nén

1. Dang 1. Thiét dién cta hinh nén cit b&i mét mat phing

No6i dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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4. Mét sb dang todn va cong thifc gidi nén va tru

Thiét dién qua truc ctia hinh nén la tam
gidc can.

Thiét dién qua dinh cta hinh nén 1
nhiing tam gidc can c6 hai canh bén la hai
dudng sinh ctia hinh nén.

Thiét dién vudng géc véi truc ciia hinh
nén 1a nhitng duong tron c¢6 tAm nam trén )

truc cha hinh nén. A

A B

2. Dang 2. Bai toan lién quan dén thiét dién qua dinh cia hinh nén

Cho hinh nén c¢é chiéu cao 1a h, ban kinh ddy r va dudng sinh /.
Mot thiét dién di qua dinh ctia hinh nén c6 khodng céch tir tAm ctia ddy dén mit phing chita thiét dién 1a d.

No6i dung Hinh vé
Goi M 1a trung diém ciia AC. Khi d6:

& AC L (SMI).

™ Goc gitta (SAC) va (ABC) la goc
SMI.

& Géc giita (SAC) va (SI) 1a géc MSI.
& d(I,(SAC)) = IH = d.

Dién tich thiét dién

1
Sta = Sasac = §SM -AC

= %\/512 + IM? -2/ AI? — IM?2

h2d2 h2d2
= \/h+m\/‘m

3. Dang 3. Bai toan hinh nén ngoai tiép va ndi tiép hinh chép

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

N6i dung Hinh vé
Hinh nén ndi tiép hinh chép S.ABCD déu
la hinh nén c6 dinh S, day la dudng tron
noi tiép hinh vuéng ABCD. Khi d6 hinh

Hinh chép tt gidc déu

noén co:
AB
& Bén kinh ddy r = IM = -
® Dudng cao h = SI, dudng sinh ¢ =

SM.

Hinh nén ngoai tiép hinh chép déu
S.ABCD déu 14 hinh nén c¢6 dinh S, ddy 1a
dudng tron ngoai tiép hinh vuong ABCD.
Khi d6 hinh nén cé:

& Bén kinh day

& Chiéu cao h = SI.

& Dudng sinh £ = SA.

Hinh nén ndi tiép hinh chép S.ABC déu la
hinh nén ¢6 dinh S, ddy la dudng tron noi

) Hinh ché idc ddu S.AB
tiép tam gidc ABC. Khi d6 hinh nén c6 inh chop tam gidc deu 5.ABC

S
& Bén kinh ddy
_AM _ ABV3

r=1I1M .
3 6

& Chiéu cao h = SI.

& Dudng sinh £ = SM.
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4. Mét sb dang todn va cong thifc gidi nén va tru

Hinh nén ngoai tiép hinh chép S.ABC déu
la hinh nén cé dinh S, day 1a duong tron Hinh chép ¢ e dd
ngoai tiép tam gidc ABC. Khi d6 hinh nén HHlL CHOP Bl glac den
cé

& Ban kinh day

oA M _ AV

& Chiéu cao h = SI.

& Dudng sinh £ = SA.

4. Dang 4. Bai toan hinh nén cut

Khi ¢t hinh nén bsi mot mit phing song song véi ddy thi phan mit phang nim trong hinh nén 1a moét hinh
tron. Phan hinh nén ndm gitta hai mit phing néi trén duge goi 1 hinh nén cut.

No6i dung Hinh vé

Khi c&t hinh nén cut bsi mét mit phing song

song véi ddy thi duge mit cit 13 mot hinh tron.

Khi cit hinh nén cut béi moét mit phing song
song véi truc thi duge mit cit 14 mot hinh thang

can.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

Cho hinh nén cut c6 R, 7, h lan lugt 1a ban kinh
ddy 16n, ban kinh ddy nhé va chiéu cao.

Dién tich xung quanh ctia hinh nén cut

Seq=m-L-(R+7).

Dién tich ddy (hinh tron) e

Saiy 1 = 7" :>ZS» = n(r? + R?) (
Sasy 2 = TR? ady ‘

Dién tich toan phan ctia hinh chép cut
Sip=m L (R+7)+7r* + 7R
Thé tich khéi nén cut

1
V= gﬂ'h(Rz + 7%+ Rr).

5. Dang 5. Bai toan hinh nén tao béi phan con lai ciia hinh tron sau khi cat bé di hinh quat

No6i dung Hinh vé
Tit hinh tron (O; R) cit bo di hinh
quat AmB. DP6 dai cung AnB bing
2. Phan con lai ctia hinh tron ghép

lai dugc mot hinh nén. Tim ban kinh,

chieu cao va d6 dai duong sinh ctia

hinh nén d6. —
Hinh nén duge tao thanh cé
A
{=R m A=B

T
2mr=x =>r = —
2

h =02 —r2.

@ Mot s6 dang todn va cong thirc gidi bai toén mét fru

1. Dang 1. Thiét dién chia hinh tru cit b&i mét mat phang

| Noi dung Hinh vé
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4. Mét sb dang todn va cong thifc gidi nén va tru

Thiét dién vudéng goéc truc la mot dudng tron
bén kinh R.

Thiét dién chita truc 1d mot hinh chit nhat
ABCD trong d6 AB = 2R va AD = h. Néu thiét

dién qua truc la mét hinh vudng thi A = 2R.

Thiét dién song song véi truc va khéng chira
truc la hinh ch® nhat BGHC cé khodng céich t6i
truc la d(OO0’, (BGHC)) = OM.

"Trén buéc dudng thanh céng khéng cé dau chan ciia ké Iuci biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

2. Dang 2. Thé tich khéi tir dién c6 2 canh la dudng kinh 2 day

Noi dung Hinh vé
Néu nhu AB va CD 1a hai dudng kinh bat ky trén
hai ddy cua hinh tru thi

1
Vapep = EAB -CD-00" -sin(AB,CD).
Dic biét: Néu AB va C'D vuéng géc nhau thi

1
Vapep = EAB -CD-00".

3. Dang 3. Xac dinh goc, khoang cach

Noi dung Hinh vé

Géc gitta AB va truc OO’ bang A'AB.

Khoéng céch giita AB va truc OO’ bang
O'M.

Néu ABCD 1a mot hinh vudng noi tiép
trong hinh tru thi dudng chéo cta hinh
vudng ciing bang dudng chéo ctia hinh tru.
Nghia 14 canh hinh vudéng bang

/ 2
AB = 2R2+%.

4. Dang 4. Xac dinh mai lién hé giita dién tich xung quanh, toan phan va thé tich khéi tru trong bai
toan toi vu

Noi dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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5. Mét sb dang todn va cong thifc giai bai toin mit ciu

Mot khéi tru cé thé tich V khong déi.

® Tim ban kinh ddy va chiéu cao hinh
tru dé dién tich toan phan nhé nhét

& Tim ban kinh ddy va chiéu cao hinh
tru dé dién tich xung quanh céng véi
dién tich mot ddy va nhé nhat

R=WK

™
=Y
= { -

5. Dang 5. Hinh tru ngoai tiép, ndi tiép mét hinh lang tru dirng

Smin &

Cho hinh ling tru tam gidc déu noi tiép trong mot hinh tru. Thé tich khéi ling tru 13 V thi thé tich khéi tru la
a7V

Viry = 22

Cho hinh ling tru tt gidc déu ABCD.A’B'C'D’ ngoai tiép trong mot hinh tru. Dién tich xung quanh hinh tru

la S thi dién tich xung quanh ctia hinh lang tru la Sxq = —.
™

M6t sé dang todn va cong thirc gidi bai toén mat cau

@ Mdt cdu ngoai tiép khéi da dién
1. Cac khai niém cg ban

Truc dudng tron ngoai tiép da gidc day 14 dudng thing di qua tAm dudng tron ngoai tiép cla da gisc day
v vudng géc voi mit phing chita da gidc ddy. Bat ki mot diém nao ndm trén truc dudng tron ngoai tiép da gide
déy thi cdch déu cac dinh ctia da gidc do.

Pudng trung tryc cia doan thing la duong théamg di qua trung diém ctia doan thfmg va vudng gbc véi doan
thdng dé. Bat ki mot diém nio nim trén dudng trung truc thi cich déu hai ddu mut ctia doan thing.

Mit trung tryc ciia doan thing 1a mit phing di qua trung diém cia doan thing va vudng géc véi doan
thing d6. Bat ki mot diém ndo ndm trén mat trung truc thi cdch déu hai diu mut ctia doan thing.

2. Tam va ban kinh mat cau ngoai tiép hinh chép

TAm mit ciu ngoai tiép hinh chép la diém cich déu cic dinh ctia hinh chép. Hay néi cach khéc, né chinh
1a giao diém I clia truc dudng tron ngoai tiép da gide ddy va mat phing trung truc clia mot canh bén hinh chép.
Ban kinh 13 khoang céch tit I dén cac dinh ctia hinh chép.

3. Cach xac dinh tam va ban kinh mat cau ciia mét s6 hinh da dién

Hinh hop chir nhat, hinh 1ap phuong

Noi dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

Tam: tring v6i tdm dbi ximg cia
hinh hop chit nhéat (hinh 14p phuong).
Suy ra tam la I, 13 trung diém cia D'
A'C

Ban kinh: bang nita d6 dai duong
chéo hinh hop ch@ nhéat (hinh lap 7
AC /

5

A B

=
_ -

pedi
~
Q

P
I
I
-7
|
|
Sy

phuong). Suy ra ban kinh: R =

>
Q

Hinh lang tru ditng c6 day noi tiép dudng tron

Noi dung Hinh vé
Xét hinh lang tru ding
Ay, Az, Az - ‘An~Alla ,2’ 2/3’ o .A’lnﬂ
trong d6 c¢6 2 ddy A1AxA3---A, va | KT TTTTTTooo-
AL ALAL - A ndi tiép duong tron \
(0) va (0'). Lic dé6, mit cau noi tiép

hinh lang tryu ding cé

&
/2

/

~

& Tam: I, v6i I 13 trung diém Al

clia 00 \A2 0

& Ban kinh: R = [A; = [A, = 4
co=1T1A!

o——:————o—
|
|
T
|
|

Hinh chép cé cac dinh nhin doan thing nbi 2 dinh con lai dudi 1 géc vudng

Noi dung Hinh vé
S

Hinh chép S.ABC ¢6 SAC = SBC = 90°.
@ Tam: [ 1 trung diém SC.
& Ban kinh: R = % —[A=1IB=IC.
A C

B
S

Hinh chép S.ABCD c6 SAC = SBC = SDC' =
90°.
™ Tam: [ 13 trung diém SC.

& Ban kinh: R = % -

ID.

IA=1B=1IC =

1
B C

Hinh chép déu

"Trén budc dudng thanh céng khéng cé diu chan ciia ké Iludi biéng"
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5. Mét sb dang todn va cong thifc giai bai toin mit ciu

Noi dung Hinh vé
Hinh chép déu S.ABC - --

™ Goi O 1a tam cia ddy = SO 1a
tru cta day.

@ Trong mit phing xac dinh béi
SO vA mot canh bén, ching
han nhu mét phing (SAO), ta
vé dudng trung tryc cia canh
SAla A cit SA tai M va cit

s

~

SO tai I = I la tdm cta mat A !
Céu. 1
g D
Ban kinh: < o
Ta c6 ASMI ~ ANSOA = — =
SO

s1 v
54 SM-SA S A2
JA=IB=1IC ="-"

Hinh chép c6 canh bén vuong goéc v6i mat phz?mg day

Noi dung Hinh vé
Cho hinh chép S.ABC--- ¢6 canh
bén SA L (ABC---)vaddy ABC - -
noi tiép dudng tron tam O.

Tam va ban kinh mat cau ngoai tiép
hinh chép S.ABC'--- dugc xac dinh
nhu sau:

& Tu tam O ngoai tiép day, ta vé
duong thing d vudng goéc voi
mit phiang (ABC'---) tai O.

& Trong mit phing (d,SA), ta
dung dudng trung truc A cla
canh SA cit SA tai M, cit
dtai I = I la tAm mit cau
ngoai tiép hinh chép va ban
kinh R=IA=IC=15="---

® Tim bén kinh.
Ta ¢6 MIOB la hinh chit nhat.
Xét AMAI vubdng tai M co:
R = Al = VMI?+ MA2Z =
AN 2
o (5

Hinh choép khac

® Dung truc A clia ddy.
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Chii dé 6. Mt nén - mit tru - mat cau

& Dung mit phang trung tric (o) ctia mot canh bén bat ki.
™ (a)NA =1=TIl1atAm mit cau ngoai tiép ctia hinh chép.

@ Bén kinh: khoang céch tit I dén céc dinh ctia hinh chép.

Pudng tron ngoai tiép mot sbé da giac thudng gap

Khi xéc dinh tAm mat cau, ta can xac dinh truc ctia mit phzamg day, d6 chinh la duong thfmg vuong géc véi mat
phéng déy tai tdm O cta dudng tron ngoai tiép ddy. Do d6, viée xdc dinh tdm O la yéu t6 rit quan trong clia
bai toan.

Hinh vuéng: O la giao diém 2 dudng chéo.

Hinh chit nhat: O 13 giao diém 2 dudng chéo.

Tam gidc déu: O la trong tam tam gidc.

Tam gidc vudng: O 1a trung diém ctia canh huyén.

P

RSN

Tam giidc thudng: O 1A giao diém ctia 2 dudng trung truc clia 2 canh trong tam giic.

G

@ Ky thudt xéc dinh mat céu ngogi tiép hinh chép

| Noi dung | Hinh vé
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5. Mét sb dang todn va cong thifc giai bai toin mit ciu
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Cho hinh chép S.A;1A;5... A, (théa man
diéu kién ton tai mit cAu ngoai tiép). Thong
thuong, dé xdc dinh mit cau ngoai tiép hinh

chép ta thuc hién theo hai bude
@ Buébc 1: Xac dinh tAm ctia dudng %

tron ngoai tiép da gidc day. Dung A
1 truc dudng tron ngoai tiép da gidc

@ Budc 2: Lap mit phing trung triuc
(o) ctia mot canh bén. Lic d6 Tam O
clia mit cau la giao diém ctia duong
thing A va mit phing (o). Ban kinh
R =S5A = 50. Tuy vao tung truong
hagp.

@ Ky nang xéc dinh tryc dudng tron ngogi tiép da gide ddy

1. Truc dudng tron ngoai tiép da giac day

No6i dung

Hinh vé

Pinh nghia

Truc dudng tron ngoai tiép da gidc ddy la
duong thing di qua tam dudng tron ngoai
tiép ddy va vuong géc véi mit phing déy.
Tinh chéat

Véi moi M € d thi MA= MB = MC.
Suy ra MA=MB=MC < M cd'.

@ Th.S Ha Huy Hoang - DT: 097. 125. 8386
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Chii dé 6. Mt nén - mit tru - mat cau

Cac budc xac dinh truc

& Budc 1: X4c dinh tAm H ctia dudng

tron ngoai tiép da gidc day.

& Budc 2: Qua H dung dudng thing
d’ vudng géc v6i mit phing day.

Mot sb trudng hop dic biét
@ D4y la tam gidc vudng.
™ Day la tam gidc deu.

W D4y la tam gidc thuong.

A
d’l
B C
A
d |
B ) I C
A
2. K§ nang tam giac dong dang
No6i dung Hinh vé
ASMO dong dang v6i ASTA, suy ra S
50 _ )
SA  SI "
(0]
1 A
3. Nhan xét quan trong
MA=MB=MC .
dM, S sao cho thi SM la truc dudng tron ngoai tiep AABC.
SA=SB=SC

Ky thudt st dung hai truc xéc dinh tam mat cdu ngoai tiép da dién

| Noi dung | Hinh vé
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5. Mét sb dang todn va cong thifc giai bai toin mit ciu

Cho hinh chép S.A;1A;5... A, (théa man
diéu kién ton tai mit cAu ngoai tiép). Thong
thuong, dé xdc dinh mit cau ngoai tiép hinh
chép ta thuc hién theo hai buée

@ Buébc 1: Xac dinh tAm ctia dudng
tron ngoai tiép da gidc day. Dung d’

1 truc dudng tron ngoai tiép da gidc
day.
& Budc 2: Xac dinh truc d cia dudng

tron ngoai tiép mot mit bén (dé x4c
dinh) ctia khéi chép. Lic d6

e Tam I ctia mit cau 1a {I} =
d Nnd.

e Ban kinh R = TA = IS. Tuy
vao tung trudong hgp.

© T18ng két cac dang fim tam va ban kinh mat céu

1. Dang 1
No6i dung Hinh vé
S
A C
Canh bén S A vuéng géc day va ABC = 90°. B
Khi d6 R = - va tam la trung diém cta
SC.
2. Dang 2
No6i dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"
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Chii dé 6. Mt nén - mit tru - mat cau

3. Dang 3

4. Dang 4

Canh bén SA vuong géc ddy va bat ké day 1a hinh
gi, chi can tim duge ban kinh duong tron ngoai tiép

Wil 1s . as 2 ,  SA?
cua day la Rp, khi d6 R* = Ry, + o
abc
e Rp = v6i p la
4/p(p —a)lp = )(p — ¢)
nta chu vi. o
2 0,
e Neu AABC vudng tai A thi Rp =
1
i (A32 + AC? + SA2). B
2
e Déy 13 hinh vudng canh a thi Rp = %
e Néu ddy la tam gidc déu canh a thi Rp =
av/3
=
Noi dung Hinh vé
Hinh chép c6 cic canh bén bang nhau SA = SB =
SC = 8D, ta ¢ g
SA?
R= .
250
& ABCD 1a hinh vuéng, hinh chit nhat, khi D
d6 O 1a giao clia hai dudng chéo. \ /
4 AA\B C vudng, khi d6 O 1a trung diém canh
huyén. B c
& AABC déu, khi d6 O 1a trong tam, truc
tam, tam dudng tron ngoai tiép, noi tiép
tam giac.
Noi dung Hinh vé
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6. Tong hop cdc cong thitc dic biét vé khdi tron xoay

Hai mit phing (SAB) va (ABC) vudng géc
v6i nhau va cé giao tuyén AB. Khi d6, ta g
goi Ry, Ry lan luct 1a ban kinh dudng tron
ngoai tiép cic tam gidc SAB va SAC. Ban

kinh mat cau ngoai tiép

AB? A
4 ¢

R*=R? + R -

5. Dang 5

Cho hinh chép S.ABCD c6 dusng cao SH, tAm dudng tron ngoai tiép day 1a O. Khi d6, ta giai phuong trinh
(SH — 2)? + OH? = 2% + R%,. V6i gid tri = vita tim dudc, ta ¢

R? = 2% + R%,.

Dang 6

Béan kinh mét cau ndi tiép |r = = |.

Téng hop cdc cong thirc ddc biét vé khéi tron xoay

@ choém céu

Noi dung Hinh vé

Ta c6 cong thitc tinh dién tich va thé tich

Seq =2rRh =7 (r2 + hz)

Vzth(R—%L> :%h(h2+3r2)

@ Hinh tru cut
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Chii dé 6. Mt nén - mit tru - mat cau

Noi dung Hinh vé

Ta c6 cong thitc tinh thé tich, dién tich

qu =7R (hl + hg)
hi+h
2
@ Hinh ném loqi 1
Noi dung Hinh vé
Ta ¢ cong thite tinh thé tich
V= 2R3 tan a.
3
Hinh ném loqi 2
Noi dung Hinh vé

Ta cé cong thitc tinh thé tich

T 2 3
V= <§—§>R tan a.

gg
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6. Tong hop cdc cong thitc dic biét vé khdi tron xoay

@ Parabol béc hai - Paraboloid

Noi dung Hinh vé

4
Sparabol = th

() -y

1 1
V= inQh = 5 Viru-

Dién tich Elip va thé tich khéi trdn xoay sinh bai Elip

Noi dung Hinh vé

Selip = mab
4 9 a b a

Vxoay quanh 2a = gﬂ'ab W
4

onay quanh 2b = _7Ta2b-
3

@ Dién tich hinh vanh khan
Noi dung Hinh vé
S=m(R>—r?).
Thé tich hinh xuyén (phao)
Noi dung Hinh vé
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Chii dé 6. Mt nén - mit tru - mat cau
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Hé toa dé trong khéng gian

@ Céc khéi niém va finh chét

1. Khai niém mé dau

2. Khai niém vé hé truc toa do

—EOA

Trong khong gian cho ba truc Oz, Oy, Oz déi mot vudng goc. Goc toa dd O, truc hoanh Oz, truc tung Oy, truc
cao Oz, cdc mat toa do (Ozy), (Oyz), (Ozx).

Khi khong gian c¢6 hé truc toa dd thi goi la khong gian toa d6 Oxyz hay khéng gian Ozyz.

4. Toa do diém

5. Cac céng thirc toa dd can nhé

Cho @ = (a;b;¢), U = (a';V'; ).

a=ad
¥ Uu=v<<b="V
c=c.
¥ U+t T=(atd;bxb;ctd).

N\
Cha y
@ TRt
& 32=|3]
® 7 -7=7-Fk=%-7=0
\ —
3. Toa do vécto

M(w;y;z)@OMz:r_i)—i—y?—l—zTc).

) =aa’ +bb + cc.

aa’ +bb + cc

& W U =|U||V] cos(W,V
v

™ cos (W, V) = 5——=
[l |

¥ |4 =VUZ=Va®+ b+

AT Va2 + @ Va1 02+ 2

ThS Ha Huy Hoang - PT: 097.125.8386
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Chii dé 7. Hé toa dd trong khong gian

- —
u-v

Qq
g

17e =0.

™ AB = (B —TA;YB — YA; 2B — 24).

& AB= ’E‘ = \/(CCB —24)’+ (yp —ya)* + (25 — 24)%.

6. Chiy

Géc clia hai vée-to (@, ) 1a gée hinh hoc (nho) gifta hai tia mang cac vée-ta d6, gid tri trong [0; 7] 1a sin (W3 V) =

/1 —cos? (%, V) > 0.

7. Chia ti I& doan thing

Diém M chia doan AB theo ti s6 k nghia 1a MA = kMB. Cong thitc toa do ctia M 1a

( Ta— kxp
Ty = —
M 1—k
_Yya— kyp
M=
Lo za — kzp
Mk
8. Cong thirc trung diém
Néu M 1a trung diém ciia doan AB thi
o — TA+ TR
M=
MA+MB=0 < {yy = w
- ZA + 2B
M=
9. Cong thirc trong tam tam giac
Néu G 1a trong tAm ciia tam gidc ABC thi
rA+2xB + XC
o=
GALGBLCC=T = yG:W
ZA + 2z + z¢
=T

10. Cong thirc trong tam t& dién

Néu G la trong tam tit dien ABCD thi

_Ta+Tp+2Tc+Tp

rq 1

GA+GB+GC+GD=10 < G:yA+yBZyC+3/D
za+zp+zoc+zp

zZGg = 1 .
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1. Heé toa do trong khong gian

11. Tich c6 hudng cta hai véc-to

Cho hai véc-to U = (a;b;¢) va U = (a/;';¢'). Tich ¢6 hudng clia hai véc-to @ va T 14 mot vée-to, ki hieu [, 7]

hay @ A ¥, c6 toa do

m’,m:(

12. Tinh chat cta tich c6 huéng cha hai véc-to

a b
a v

> = (b —V'c;ca’ —ac';ab’ —ba') .

™ [u, V] vudng géc véi W va T.
@ |7, %) = ] 7] -sin (%, 7).

™ [u,7] = 0 < @, U ciing phuong.

13. Ung dung cia tich c6 huéng clia hai véc-to

& Dién tich hinh binh hanh ABCD: S = ‘ [AB, AD] ‘

1 —_ —
@ Dién tich tam gidc ABC: S = 3 HAB,AC} ‘
& Ba véc-to @, ¥, @ dong phang < [, T]- @ = 0.

@ Thé tich khdi hop c6 ddy 1a hinh binh hanh ABCD va canh bén AA’:

V:Hﬂ?’,ﬂ)’]-ﬂ

& Thé tich khéi tit dién S.ABC: V = é : Hﬂa’, ACT - S_A’].

@ Phuong phdp gidi mét sé bai todn thudng gép
1. Cac phép toan vé toa dd clia véc-td va cia diém
Phuong phéap giai
@ St dung céc cong thiic vé toa do ciia véc-to va cia diém trong khong gian.

@ St dung cc phép todn vé véc-to trong khong gian.

2. Xac dinh diém trong khong gian. Chirng minh tinh chat hinh hoc. Dién tich - Thé tich
Phuong phap giai
@ Sit dung cic cong thiic vé toa do ciia véc-to vA ciia diém trong khong gian.
@ St dung cdc phép todn vé véc-to trong khong gian.
@ Céng thitc xac dinh toa d6 clia cac diém dic biét.
& Tinh chat hinh hoc ciia cic diém dic biét.
® A, B, C thing hang < ZE, AC cung phuong < AB = kAC < [ZE), ;1_6] =0.

®@ ABCD la hinh binh hanh < AB = DC.
® Cho AABC c¢6 cdc chan E, F clia cac duong phan gidc trong va ngoai ctia géc A trén BC. Ta ¢

ey AB

®@ A, B, C, D khong dong phéng & ZE, ;4_6, AD khong dong phsing & [:4_§, Z@] - AD #0.

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iludi biéng"
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Chii dé 7. Hé toa dd trong khong gian

@ Céc khdi niém va finh chét

1. Khai niém vé véc-to phap tuyén

Vée-to 7 khac 0 va cé gia vuong géc mp(P) duge goi 1a vée-to phap tuyén cia (P).

2. Tinh chat cia véc-td phap tuyén

Néu 7 1a véc-to phap tuyén ciia (P) thi k7 (k # 0) ciing 14 véc-to phap tuyén ctia (P).

3. Phuong trinh tdng quat cia mat phang

Phuong trinh téng quat ctia mit phing (P) qua M (zo;yo; 20) v ¢ véc-td phap tuyén 7@ = (A4; B;C) la
A(x — o) + By — yo) + C(z — 2z9) = 0.

4. Khai trién cha phuong trinh téng quat

Dang khai trién ctia phuong trinh téng quat 1a Az + By + Cz + D = 0 (trong d6 A, B, C khéng dong thdi bang
0).

5. Nhifng trudng hgp riéng cha phuang trinh tong quat

«

(P) qua gbc toa do < D = 0.

«

(P) song song hodc trung (Oxzy) < A= B =0.

Qq

(P) song song hodc trung (Oyz) < B =C = 0.

Qq

(P) song song hodc trung (Ozz) & A=C =0.

Q

(P) song song hodc chita truc Oz < A = 0.

«

(P) song song hodc chita truc Oy < B = 0.

Q

(P) song song hodac chita truc Oz < C = 0.

«

(P) (khong qua gbc toa dd) cat Ox tai A(a;0;0), cit Oy tai B(0;y;0), cat Oz tai C(0;0;¢) < (P) c6
phuong trinh ad + Y + - 1.
a b ¢
6. Khoang cach tir mot diém dén mat phang
Cho M (z0; yo; z0) va (P): Ax 4+ By + Cz+ D =0, khi d6

Azxy+ Byo +Czy+ D
afars (p)) = AT B+ Co £ D]
VAZ+ B*+C

7. Cham mit phing

Noi dung Hinh vé

"Trén budc dudng thanh céng khéng cé dau chan ciia ké Iudi biéng"

CS 1: Canh Bai hoc Tay Béc

CS 2: Gan ngd ba Quyét Théng



fb.com/hoangdhtb

hoangtaybac.edu.vn

2. Mit phing

& Tap hop tit cd cdc mit phing qua giao
tuyén ciia hai miit phing (o) va (3) goi la
mot chum mat phéng.

™ Goi d la giao tuyén ciia hai mit phing
(): Ajx+By+Ci2+Dy =0va (8): Ayx+
Boy + Cyz+ Dy = 0.

& Khi d6 néu (P) la mit phing chita d thi > q
miit phing (P) c¢6 dang N
m(Ajz+ Bry+Ciz+ D1) + n(Asz+ Bay +
Coz + Ds) = 0 v6i m? + n? #£ 0.

@ Viét Phuong Trinh MGt Phéing
Dé lap phuong trinh mit phing () ta can xdc dinh mot diém thude (o) va mét VIPT cia né.
1. Dangl
Mt phéng (o) di qua diém M (zo; yo; z0) vA ¢6 VIPT 7 = (A; B; C) thi
(): A(x — 209) + Bly —yo) + C(z — z9) = 0.
2. Dang 2

Mit phéng (o) di qua diém M (x0;yo: z0) Vi c6 cip VICP @, b thi @ = [@, 5| 1a mot VIPT cia ().

3. Dang 3
Mit phang () di qua diém M (z9; yo; 20) va song song véi (5): Az + By + Cz = 0 thi
(): A(z — o) + B(y — yo) + C(z — 20) = 0.

4. Dang 4
Mit phéng () di qua ba diém A, B, C khéng thang hang. Khi d6 ta c¢6 thé xac dinh mot VIPT cia () 1a
i = [AB,AC].
5. Dangb
Mit phing (o) di qua mot diém M va mot dudng thing d khong chita M:

@ Trén d lay diém A va VICP w.

& Mot VIPT ciia (o) la @ = [AM, 7],

6. Dang 6

M3t phang (o) di qua mot diém M, vudng géc véi duong thang d thi VICP ¥ clia duong thang d 1a mot VIPT
clia («).
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7. Dang 7

Mit phing () chiia hai dudng thing cit nhau dy, da:
@ Xa&c dinh cac VICP @, B clia céc duong thing di, ds.
& Mot VTPT ciia (o) Ia @ = [@, b].

& Lay mot diém M thuoc d; hoic do = M € ().

8. Dang 8

Mit phing () chita dudng thing d; va song song v6i duong thing da (hai dudng dy, da chéo nhau):
& Xéc dinh cdc VICP @, b clia cac duong thing di, do.
& Mot VIPT cia () 1a @ = [@, 5.

@ Ly mot diem M thuoc dy = M € (a).

9. Dang9
Mit phéng (o) di qua diém M va song song véi hai dudng théng chéo nhau dy, do:
& Xic dinh cic VICP @, b ciia cic dudng thing di, do.

& Mot VTPT cia () 1a @ = [@, ).

10. Dang 10

Mit phing (o) chita mot dudng thing d va vuong géc véi mot mit phing (6):
@ Xdc dinh VTCP @ ctia d va VIPT 75 cia ().
@ Mot VIPT cia («) la 7 = [U, 7).

@ Ly mot diem M thuoc d = M € (a).

11. Dang 11
Mt phéng (o) di qua diém M va vudng géc v6i hai mit phing cit nhau (8), (7):
@ Xéc dinh cac VIPT 7, 11, cta (8) va (7).

& Mot VIPT cta (o) 1a 7 = [1s, 7).

12. Dang 12

Mit phing () chita dudng thang d cho truée va céch diém M cho truée mot khoang k cho trude:
& Gid st (a) ¢6 phuong trinh A+ By +Cz+ D =0, (A + B2+ C? #0).
@ Liy hai diém A, B € d = A, B € (a), ta dugc hai phuong trinh (1) va (2).
@ T diéu kién khoang cdch d [M, («)] = k, ta duge phuong trinh (3).

& Giai hé phuong trinh (1), (2), (3) (bang cach cho gid tri mot an, tim cdc an con lai).

13. Dang 13
Mt phing () tiép xtic mit cau (S) tai diém H:

@ Gia st mt cau (S) c6 tdm I va ban kinh R.

& Mot VIPT ciia (o) 1a @ = TH.
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2. Mit phing

@ Vi tri tuong déi clia hai mat phéng

Cho hai mit phang (P): Az + By +Cz+ D =0va (P'): Az + B'y + C'z + D’ = 0. Khi d6
& (P)cat (P)< A:B:C#A B :C".
A B C D
4 (P)//(P’)<:>E:§:a o
A B C D

4 (P) 1 (P/) = ﬁ(p) 1L R(P’) = 7_1>(p) . H(P/) =0& AA'+ BB +CC'=0.

Khodng cdch va hinh chiéu

1. Khoang cach tir mét diém dén mét mat phing
N |A$0 + Byo + CZQ -+ D|
A2+ B2+ C?|

Khoéng céch tit diém My (o; yo; 20) dén miit phing (o) : Az+By+Cz+D = 01a d [Mo; ()]

2. Khoang cach giita hai mat phing song song

Khodng céch gitta hai mit phing song song bang khoang cdch tit mot diém bat ki trén mit phing nay dén mit
phing kia.

3. Hinh chiéu cia mét diém 1én mot mat

MH, 7 cung phuong

Diém H 1a hinh chiéu ctia diém M lén (P) <
H e (P)

4. Diém dbi xitng ciia mot diém qua mat phang

Diém M’ déi xting M qua (P) < MM’ =2MH.

@ Géc giira hai mdt phéng

Cho hai mat phéng (), (B) ¢6 phuong trinh («a): Ayz+ Biy+Ciz+ Dy = 0va (8): Asx+ Boy+ Caz+ Dy = 0.
Géc giita (o), (8) bang hogc b véi goc giita hai VIPT 7y, 7s.

_ |71 - 7o _ |A1 Ay + B1Bs + C1Cs
(7| - |7 /AT + B+ CF -\ /A3 + B3+ C3

cos [(@); (B)]

0° < [(@); (B)] < 90° (@) L (8) & A1z + BiB3 + C1Cs =0,

Vi tri twong déi giira mat phdng va mat cdu. Phuong trinh mat phéng tiép xic mat céu.
Cho mit phéng (a): Az 4+ By + Cz+ D = 0 va mit cau (S): (z —a)® + (y — b)> + (z — ¢)? = R? ¢6 tam 1.
& (a) va (S) khong cé diém chung < d [I; (a)] > R.

¥ (o) tiép xtic (S) & d[I;(a)] = R véi (a) 1a tiép dién.

Dé tim toa d6 tiép diém, ta c6 thé thuc hién nhu sau
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& Viét phuong trinh duong thang d di qua tam I ciia (S) va vuong goc (a).
@ Tim toa d6 giao diém H cta d va (), H 1a giao diém ctia (S) véi ().
@ (a) cat (S) theo mot dudng tron < d [I; (a)] < R.
Dé xéc dinh tAm va ban kinh r ctia duong tron giao tuyén ta c¢é thé thue hién nhu sau
& Viét phuong trinh dudng thang d di qua tam I ciia (S) va vuong goc (a).
@ Tim toa do giao diém H ctlia d va (), v6i H 1a tdm ciia dudng tron giao tuyén ciia (S) véi (a).

™ Bén kinh 7 clia dudng tron giao tuyén r = vV R? — T H2.

@ Buong théng

@ Phuong trinh clia dudng théng

1. Véc-to chi phuong chia dudng thing

© Dinh nghia 3.1. Cho dudng thing d. Néu véc-to @ # 0 va c6 gi4 song song hodic tring v6i dudng phing
d thi dugc goi 1a véc-to chi phuong ctia dudng phang d. Ki hiéu: @ = (ay; as; as).

—EOA N

™ @ 13 VTCP cla d thi k@ (k # 0) ciing 1a VTCP cla d;

™ Néu d di qua hai diém A, B thi ZE 3 mot VTCP cda d;

™ Truc Oz c6 véc-to chi phuong @ = 7 = (1;0;0);

!

™ Truc Oy c6 vects chi phuong @ = j = (0;1;0);

ESTES

™ Truc Oz cé vecto chi phuong @ = k = (0;0;1).

2. Phudng trinh tham sé cia dudng thang

Phuong trinh tham s6 ctia dudng thang A di qua diém My (z0;y0; 20) vA nhan @ =
(a1;az;a3) lam VTCP la

xr =x9+ ait
A: {y=yo+ast (teR).

z =20+ ast

3. Phuang trinh chinh tic cha dudng thang
Phuong trinh chinh tic ciia dudng thang A di qua diém My (xo; yo; 20) VA nhan @ = (a1;az;as) lam VTCP 14

r— T — Z — Z
oY% _ ® (a1,a2,a3 #0).
ai ag as
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3. Puong thing

@ Vi tri tuong déi

1. Vi tri twong d6i chia dudng thing va mat phang

A

—

M a A

e e——> N

Iﬁ
n

. |
LT TN et
M a
Phuong phap hinh hoc

— LR
[ | N
(1)
Trong khéng gian Oxyz, cho dudng thang A: { y =yo +ast (2)
z =20+ ast (3)
di qua M = (z0;y0; 20) va mit phing (o) : Az + By + Cz+ D = 0 ¢6 véc-to phdp tuyén 7 = (A; B;C).
Khi dé

xr =x9+ ait

6 véc-ta chi phuong @ = (ay;az;a3) va

@ An(a)={A} < @ -7 #0<& Aa; + Bay + Cas # 0;

a-m=0 Aay + Bay +Caz =0
EA//(a)@{a @{ s

N
M%(Oé) Aa:o—|—By0+Cz0+D7é0;

a-nm=0 Aay + Bag + Caz =0
¥ AcC(a)& & ' 2 ’
M € (a) Axg+ Byg+ Czy+ D = 0.

\ e

Dic biét. A | (o) & @ va 7 cung phuong < aj :as:az3 =A: B:C.

A
a -
n
Phuong phap dai sb
£ , X . L pt(A)
Muon tim giao diem M ctia A va («), ta gidi hé phuong trinh () tim x,y, z. Suy ra M(z;y; 2).
pt(«

Thé (1), (2) va (3) vao phuong trinh () va rit gon dua vé dang at +b = 0. (x)
@ A cat (o) tai mot diém < pt(x) c6 mot nghiém ¢;
@ A song song véi (a) < pt(*) vO nghiém;
& A nam trong (a) < pt(x) c6 vo sb nghiém t;

™ A 1 (a) & @ va 7 cung phuong.

2. Vi tri tuong d6i cha hai dudng thing

Ar N Az A
= M
N U2 1_;1
U1
SN A —o—)—o—)—(—oéz N Az
M w2 M gl M N @, @2 A e
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Phuong phap hinh hoc
Cho hai dudng thing: A di qua M vA ¢6 mot véc-to chi phuong wy;
Ay di qua N va c6 mot véc-to chi phuong u».

4 Al EAQ@ [Ul,_ﬂ)ﬂ = [Ul,MN] = (_):

W1, Wa] =0
8A1//A2<:> o T —
@, MN| # T;

1 2]#6

) w0
@Al CétAz@ [ = N
[ UQ]'MNZO;

s
s

™ A; va Ay chéo nhau & (W1, Wa) - MN # 0.
Phuong phap dai s

) . pt (Aq
Muoén tim giao diem M ciia A; va Ag, ta gidi hé phuong trinh { EA ; tim z,y, z. Suy ra M(z;y; 2).
pt (A2

3. Vi tri tuong d6i cia dudng thing va mat ciu

x=x0+at (1)
Cho duong thang A: { y =y +ast (2) va mit cau (S): (z —a)? + (y — )% + (2 — ¢)? = R? ¢6 tam I(a; b;c),

z=2z9+ ast (3)
ban kinh R.
Phuong phap hinh hoc

Budc 1: Tinh khoang cich tit tAm I cia mit cau (S) dén duong thing A 1
h=d(I,A) = T

Buéc 2: So sanh d(7, A) véi ban kinh R clia mét cau:

@ Néu d(I,A) > R thi A khong cat (5);
™ Néu d(I,A) = R thi A tiép xtc véi (S);
& Néu d(I,A) < R thi A cit (S) tai hai diém phan biét M, N va M N vuéng géc véi duong kinh

(ban kinh) mit cau.

Phuong phap dai sb
Thé (1), (2) va (3) vao phuong trinh (S) va rit gon va dua vé phuong trinh bac hai theo ¢.  (x)

& Néu phuong trinh (x) vé nghiém thi A khong cat (S);
& Néu phuong trinh (%) ¢6 mot nghiém thi A khong cit (9);
& Néu phuong trinh () c6 hai nghiém thi d cat (S) tai hai diém phan biét M, N.

(¢ Chay. D& tim toa do M, N, ta thay gid tri vio phuong trinh dudng thing A.

@ Géc trong khdng gian

1. Géc giita hai mat phang
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Noi dung

Hinh vé

Trong khong gian Ozyz, cho hai mit phing

(), (B) xéc dinh béi phuong trinh:

(): Ayx + Biy+Ciz+ D1 =0
(B8): Agx + Boy + Coz+ Dy =0

ﬁ1 = (Al;Bl§Cl)
WT{Q = (Ag; B2; C)

3. Goc giita hai dudng thang

h
Goi ¢ 13 gbc gitta hai mit phing (a) va (8),
ta c¢6 cong thic:
cos i = |A1A2+BlB2+Cng|
VA}+ B+ CF - \/A3 + B3 + C3
2. Goc giita dudng thing va mat phing
Noi dung Hinh vé
Cho duong thing
(A): TTT0 _Y¥ 2% (A)
" a b c .
u = (a;b;¢)
va mat phang («): Aa:-l—By:l—C’z-l—D =0. 7 = (4; B;C)
Goi p 1a gbc gita duong thang A va mat
phang (a) ta ¢ cong thitc:
) |Aa + Bb+ Cc] 0° < ¢ <90°
singp =
VA2 + B2+ C? Va2 +b? + 2
Noi dung Hinh vé
Cho hai dudng thing:
T — Zo Y—Yo Z— 20 .b-C\
. = = — — 0/3 i
(A1) b c /ax/&/
LTI Y-y 2%
(A2) ' a - b - ¢ Al
. NSRS . N 2 N JAD 5)2 = (Q/‘ ,
Goi ¢ 1a gbc gita hai duong thang (Ap) va 3O o
(Az) ta c6 cong thic:
s laa’ + bb' + cc'| 0% < ¢ <90°
® \/(12 + b2 + 2. \/a/2 + b2 + c/2

Khodng céch

1. Khoang cach tir mdt diém dén mét mat phing
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M dén mit phiang (o) duge tinh béi:

Axog+ Byo + Cz+ D
A, (o) = AT E D0+ G 4 DI,
A2+ B24+C

Noi dung Hinh vé
Cho mét phéng (a): Az+By+Cz+D =0
va diém M (z0; yo; 20). Khoang céch tit diém M (2o; %0 20)

I
A g

o

2. Khoang cach tir médt diém dén mét dudng thing

dugc tinh béi cong thic:

Noi dung Hinh vé
Cho dudng thing (A) di qua diém
Mo (x0;90;20) va ¢c6 VICP U@ = (a;b;c).
Khi d6 khoang céch tit diém M; dén (A) M,

.

béi cong thic

R

- 7 7
[u,u]- oM}

‘ [TL’, u’]

d(Aq,Ay) =

Khi d6 khoang céch gitta (A1) va (Az) duge tinh

[35o70;:7) 7, &)
oi1; U
d(M;,A) = T Mo(zo; yo; 20) H
U
3. Khoang cach giita hai dudng thing chéo nhau
Noi dung Hinh vé
Trong khong gian (Ozyz) cho hai dudng thing
chéo nhau:
— N MO -
(A1) ¢6 VICP w = (a;b;c) va qua My(zo; yo; 20) i
(Ag) ¢6 VICP o = (d;¥0;¢) va qua Ay
M/ VAR B \/)
0(T03 Y03 20) A2M6 u

@ Lap phuong trinh dudng théng

1. Dangl

2. Dang 2

d di qua hai diém A, B: d ¢6 mot VICP 1a AB.

d di qua diém Mo (xo; yo; 20) va c6 VICP @ = (ay;az;a3) 1a d:

Dé lap phuong trinh dudng théng d ta can xac dinh mot diém thudc d va moét VICP cia no.

T =z + ait
y=yo+ast (t€R).

z =2z + ast
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3. Puong thing

3. Dang3

d di qua diém Mo (zo; yo; z0) VA song song voi dudng thing A cho trude: Vi d J/ A nén VICP ciia A ciing 13
VTCP ctia d.

4. Dang 4

d di qua diém My (zo;y0; z0) vA vuong géc véi mit phang (P) cho trude. Vi d L (P) nén VIPT cia (P) cing la
VTCP cta d.

5. Dangb

d 1a giao tuyén clia hai mat phing (P), (Q):
Céch 1: Tim mét diém va moét VICP.

. . P .
@ Tim toa do mot diem A € d bang cdch giai hé phuong trinh {( ) (v6i viéc chon gid tri cho mot an).

(@)
™ Tim mot VICP cta d: @ = [Rp, g

Céch 2: Tim hai diém A, B thudc d, roi viét phuong trinh dudng thiang di qua hai diém dé6.

6. Dang 6

d di qua diém Mo (zo; yo; 20) v vudng géc véi hai dudng thang dy, da:
VidLdy,dL dynénmot VICP cia d 1a @ = [Qay, T ay)-

7. Dang 7
d di qua diém Mo (zo; yo; 20), vudng gbc va cit duong thing A.

@ Céch 1: Goi H 1a hinh chiéu vudng géc ctia M trén dudng thing A.

HeA . .
Tacé ¢, . Khid6duong thang d la dudng thang di qua Mo, H.
M()H 1 uA
& Céch 2: Goi (P) 1a mit phang di qua A va vudng géc véi d; Q 1a mit phang di qua A va chita d. Khi d6
d = (P)N(Q).
8. Dang 8

d di qua diém Mo (zo;yo; 20) VA cit hai dudng thang di, do:

® Céch 1: Goi My € dy, My € dy. Tt diéu kién M, My, M, thzomg hang ta tim duge My, Ms. Tu dé suy ra
phuong trinh dudng thing d.

& Cich 2: Goi (P) = (Mo, dy), (Q) = (Mp, ds). Khi d6 d = (P) N (Q). Do d6 mot VICP cita d 6 thé chon
1aad=[np, gl
9. Dang9

d nim trong mit phang (P) va cit ca hai dudng thang dy, da:
Tim céc giao diem A = d; N (P), B = dy N (P).
Khi d6 d chinh 14 dudng thing AB.

10. Dang 10

Viét phuong trinh mét phang (P) chtta A va d;, mit phing (Q) chita A va d.
Khi dé d = (P) N (Q).
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11. Dang 11

d 13 dudng vudng géc chung ctia hai duong thing di, ds chéo nhau.

1) Céach 1:
MN 1 d,

ta tim duge M, N. Khi d6 d 13 dudng thing M N.
MN 1 d,

Goi M, € di, My € dy. T diéu kién {

2) Cach 2:

™ Vid L dy vad L nén modt vée-to chi phuong ctia d 18 @ = [@ 4,5 @ ay)-
& Lap phuong trinh mit phing (P) chiia d v d; bing céch.

®@ LAy mot diém A trén d;.

©@ Mot vée-to chi phuong ciia (P) 1A np = [, @q,]-

& Tuong tu lap phuong trinh ctia mit phing (Q) chiita d va dy. Khi d6 d = (P) N (Q).
12. Dang 12

d di qua diém M, vudng goc véi dq va cit ds.

1) Céch 1:
Goi N la giao diém ctia d va dy. Tt diéu kien M N L dy, ta tim duge N. Khi d6, d 1a dudng théng
MN.

2) Céch 2:

& Viét phuong trinh mit phing (P) va qua M va vudng géc véi d;.
& Viét phuong trinh mit phang (Q) chita M va ds.
& Khi dé d = (P) N (Q).

13. Dang 13

d di qua M, vudng géc v6i di va cit d.

1) Céch 1:
Goi N 1a giao diém ctia d va dy. Tt diéu kien MN L d; ta tim duge N. Khi d6, d 1a duong théng
MN.

2) Céch 2:
& Viét phuong trinh mit phang (P) qua M va vudng goc véi d;.
& Viét phuong trinh mét phing (Q) chtia M va ds.
& Viét phuong trinh mét phing (Q) chtia M va ds.
& Khi d6 d = (P) N (Q).

Vi tri twong doi
1. Vi tri twong d6i cha hai dudng thing

D& xét vi tri tuong d6i gitta hai dudng thing, ta cé thé st dung mot trong cic phuong phip sau:
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3. Puong thing

1) Phuong phap hinh hoc:
Dua vao mbi quan hé gifta cac véc-to chi phuong va céc diém thudc duong thfmg.

2) Phuong phap dai sb:
Dua vao sb6 nghiém ctia hé phuong trinh céc dudng thing.
2. Vi tri tuong dbi giita dudng thing va mit phing

D& xét vi tri tuong d6i gitta dudng thing v mit phang, ta c6 thé st dung mét trong cic phuong phép

sau:

1) Phuong phap hinh hoc:
Dua vao mdi quan hé giita véc-to chi phuwpwng ctia dudng thing va véc-to phap tuyén clia mit

phing.
2) Phuong phap dai sb:
Dua vao s6 nghiém ciia hé phuong trinh dudng thang va mit phing.
@ Khodng céch

1. Khoang cach tir diém M dén dudng thang d

1) Céch 1:
Cho dudng thing d di qua My va c6 véc-to chi phuong @ thi
‘ [MoM, @] ’
d(M,d) = ——=—.
@]

2) Céch 2:

& Tim hinh chiéu vudéng géc H ctia M trén dudng thing d.
&~ d(M,d)= MH.
3) Céch 3:
& Goi N (z;y;2) € d. Tinh MN? theo t (¢ 1a tham s trong dudng thing d).
& Tim t dé¢ M N? nhd nhit.
& Khidé N=H,dod6d(M,d)=MH.

2. Khoang cach giira hai dudng thing chéo nhau

Cho hai dudng thing chéo nhau d; va ds. Biét dy di qua diém M; va ¢6 vée-to chi phuong @1, ds di qua
diém M, va c6 véc-to chi phuong @ thi

‘[31, Qo] - My M,

I[@1, @2l

d(dy,ds) =

e Chu y: Khoéang céch gitta hai dudng thing chéo nhau d;, ds bing khodng cich gitta d; ma mit phing
(a) chita dy va song song véi dy.
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3. Khoang cach giita hai dudng thing song song

Khoéang céch gitta hai dudng thing song song bing khodng cach tit mot diém thude dudng thing nay dén
duong thang kia.

4. Khoang cach giita mét dudng thing ma mat phang song song

Khoang cich gitta dudng thing d v6i mit (o) song song véi né bang khoang cach tit mot diém bt ki trén
d dén mit phang (a).

Géc
1. Goc giita hai dudng thing
Cho hai dudng thing d, da 1an luot ¢6 céc vée-to chi phuong @1, @2. Goi v 1a géc gitta dy, ds dy, da, ta 6

- — |a>1(_1>2|
cosa = |cos (@1, @2)| = 5=
a1 - [

2. Goc giita mot dudng thing va mdét mit phang

Cho dudng thing d ¢ véc-to chi phuong @ = (a1;as;as) va mit phing («) c6 véc-to phép tuyén 7 =
(4; B; C).

Géc giita dudng thang d vA mit phing (a) bing géc gitta d va hinh chiéu vuong géc d’ ctia né trén (o).
Ta c6

N |Aai + Bag + Cag|
sin (d, (a)) = .
VA2 + B2+ C?-\/a} + a3 + a3

@ Phuong trinh mat céu

1) Phuong trinh chinh tic
& Phuong trinh ciia mit cdu (S) tam I (a; b; ¢), ban kinh R1a (S) : (z — a)*+(y — b)*4+(z — ¢)* =
R (1)
& Phuong trinh (1) dugc goi la phuong trinh chinh téc ciia mat cau
™ Dic biet: Khi I = O thi (9): 2% +y% + 22 = R?
2) Phuong trinh téng quét

& Phuong trinh : 22 + 3% + 22 — 2ax — 2by — 2cz +d = 0 v6i a® + b? + ¢ — d > 0 13 phuong trinh
ctia mit cau (S) c6 tdm I (a;b;c), ban kinh R = va2 + b2+ c2 —d

. - X ~ -~ 2
@ Giao cia mét cau va mat phang

& Cho miit phing (o) va mit cau (S) ¢6 phuong trinh :
(): Ar+By+Cz+D =0
(S): (x—a)’ +(y—b)>+ (2 —¢)’> = R?

& Goi d (I; (a)) 1a khodng cach tit tAm mit cau (S) dén mit phing ().
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& Cho mit cau S (I; R) va mit phang (P).

™ Goi H 1a hinh chiéu vuéng géc ctia I 1én (P) = d = ITH =d (I, (P))

d>R

d=R

d<R

Mt cdu vA mit phing
khong c6 diém chung.

Mat phe&mg tiép xtc mat
cau : (P) la mit phing

tiép dién ctia mit cau va

Mat phgxng cit mit cau
theo thiét dién 1a duong
tron ¢6 tdm I’ va bén

H: tiép diém.

kinh r = v R? — T H?

N

Hé

=

© Mot s6 bai todn lién quan
1. Dang 1

(S) ¢6 tam I (a; b; ¢) va ban kinh R thi (S) : (z — a)2 + (y — b)2 + (2 — 0)2 = R2.

2. Dang 2

(S) cé tam I (a; b; c) va di qua diém A thi ban kinh R = I A.

3. Dang 3
(S) nhan doan thing AB cho truéc lam dudng kinh

& Tam I 13 trung diém ctia doan thing AB: z; = w'y = yA+yB'z = ZA+ZB.

2 y YI 2 s <1 2

& Ban kinh R=1TA = ATB

4. Dang 4

(S) di qua bén diém A, B, C, D ( mit cau ngoai tiép tit dién)
@ Gid st phuong trinh mit cau (S) ¢6 dang : 22 + 9% + 22 +2ax + 2by +2cz+d =0  (*).
& Thay lan lugt toa do clia cac diém A, B, C, D vao (*), ta dugc 4 phuong trinh.

@ Giai hé phuong trinh dé, ta tim duge a, b, ¢, d = phuong trinh mat cau (S).

5. Dangb

(S) di qua ba diém A, B, C va c6 tAm I nim trén mit phing (P) cho trudc thi giai tuong tu dang 4.
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6. Dang 6
() ¢6 tam I va tiép xic véi mat cau (T') cho trudce
@ Xdc dinh tdm I va bdn kinh R’ ctia mét cau (7).

@ Sit dung dicu kién tiép xic ctia hai mgt cau dé tinh ban kinh R ciia mit cau (S). (Xét hai trudng hop

tiép xtic trong va ngoai)

Chti ¥ : V6i phuong trinh mit cau (S) : 2% + y? + 22 + 2ax + 2by + 2cz +d = 0 v6i a® + b% + ¢ — d > 0 thi (S)
c6 tam I (—a; —b; —c) va ban kinh R = va? +b% + ¢2 — d.

Dac biét :

Cho hai mét cau Sy (I1; Rp) va So (Iy; Rs).

™ LI, <|R1 — Ra| & (S1),(S2) trong nhau.

™ LI > Ry + Ry < (S1), (S2) ngoai nhau.

™ LI, = |R; — Rs| & (S1), (S2) tiép xtc trong.
™ LI, = Ry + Ry & (S1),(S2) tiép xic ngoai.

& |R—1—Rs| < I1Is < Ry + Ry < (S1),(S2) cit nhau theo mot dudng tron (dudng tron giao tuyén).

7. Dang 7

Viét phuong trinh mit cau (S) c6 tam I (a; b; c), tiép xiic v6i mit phing (P) cho trudc thi ban kinh mit cau
R=d(I;(P)).

8. Dang 8

Viét phuong trinh mit cau (S) ¢6 tAm I (a; b; ¢), cit mit phang (P) cho truée theo giao tuyén 1a mot dudng

tron thod dieu kién.

@ Dudng tron cho trude (ban kinh hodc dién tich ho#ic chu vi) thi tit cong thitc dién tich dudng tron S = 7r?
hoiic chu vi dudng tron P = 27 ta tim duge ban kinh dudng tron giao tuyén r.

& Tinh d = d (I, (P)).
& Tinh ban kinh mét cau R = Vd? + r2.

@ Két luan phuong trinh mit cau.

9. Dang9

Viét phuong trinh mét cau (S) tiép xtc v6i mot duong thang A cho trude va ¢é tam I (a; b; ¢) cho trude thi
dudng thang A tiép xtc véi mit cau (S) ta c6 R =d (I, A).

10. Dang 10

Viét phuong trinh mit cau (S) tiép xic véi mot dudng thang A tai tiép diém M (xo;yo; z0) thude A va c¢6 tam
I thude dudng thing d cho trudc thi ta lam nhu sau

& Viét phuong trinh mit phang (P) di qua diém M va vudng géc v6i dudng thang A.
@ Toa do tam I = (P) U A 1a nghiém ctia phuong trinh.

& Bén kinh mit cAu R = IM = d (I, A).

@ Két luan vé phuong trinh mat cau (S).
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11. Dang 11

Viét phuong trinh mét cau (S) c6 tam I (a; b; ¢) va cit dudng thang A tai hai diém A, B thod man diéu kién
& Do dai AB 1a mot hang sb.
® Tam gidc IAB 1a tam gidc vudng.
& Tam gidc IAB la tam giac deu.

AB R
Thi ta xdc dinh d (I, A) = ITH, vi AIAB cén tai I nén HB = - va ban kinh méat cau R duge tinh nhu sau

¥ R=+IH?+ HB2

IH
¥ R= )
R sin 45°
IH
¥ R= .
R sin 60°
12. Dang 12

Tap hgp diém 1a mit cau. Gid sit tim tap hgp diém M thod tinh chit (P) nao dé.

& Tim hé thic gitta cac toa d6 z, y, z clia diém M.
(x —a)® + (y — b)* + (z — ¢)* = R? hoiic % + y2 + 2% + 2ax + 2by + 2cz + d = 0.

@ Tim gi6i han quy tich (néu co).

13. Dang 13
Tim tap hop tAm mat cau
z=[(t)
& Tim toa do ctia tam I, ching han : <y =g(t) (¥
z="h(t)

@ Khit ¢ trong (*) ta c6 phuong trinh tap hop diém.

@ Tim gi6i han quy tich (néu co).

M6t s bai todn gidi nhanh cuc tri khdng gian

@ Dang 1.

Cho mit phang (P) va hai diém A, B. Tim M € (P) dé (M A+ MB)pin.
e Phuong phdp

& Néu A va B nam khac phia so v6i (P) =M, A, B thang hang = M = ABN (P).

& Néu A va B nam cung phia so véi (P) = B’ 1a diém ddi xting v6i B qua (P).

@ Dang 2.

Cho mit phing (P) va hai diém A, B. Tim M € (P) dé
e Phuong phdp

MA — MB|max.

& Néu A va B ndm khéc phia so v6i (P) = M, A, B thing hang = M = AB N (P).

& Néu A va B nam cing phia so véi (P) = B’ 1a diém dbi xting v6i B qua (P) = |MA — MB'| = AB'.
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@ Dang 3.

Cho diém M (xs; yar; zar) khong thude cic truc va cdc mit phang toa do. Viét phuong trinh mit phang (P)
qua M va ciit cac tia Oz, Oy, Oz 1an luct tai A, B, C sao cho Vo apc nhd nhét.
e Phuong phdp

Dang 4.

Viét phuong trinh mit phang (P) chtia dudng thing d, sao cho khoang cach tit diém M ¢ d dén (P) 1a 16n nhat
e Phuong phdp

Qua Aed

np= Hﬂ’d;m] §ﬂ)d} -

@ Dang 5.

Viét phuong trinh mit phang (P) qua A va cdch M mot khoang 16n nhét.
e Phuong phdp

(P): {(iua a4
TZPZAM.

Dang 6.

Viét phuong trinh mit phing (P) chita dudng thang d, sao cho (P) tao v6i A mot gbe 16n nhat(A khéng song
song véi dudng thing d ).
e Phuong phdp

(P): {Qua Aed

— - o —
np=|[Uq Ta], Ul

@ Dang 7.

Cho A J/ (P). Viét phuong trinh dudng thdng d nim trong (P) song song v6i A va cach A mot khoang nhd nhét

e Phuong phdp

.z . ua A’
@ Lay diem A € A, goi A’ 1a hinh chiéu vudng goc ctia A 1én (P) thi d: {(i N
Ug = UA.-

Dang 8.

Viét phuong trinh dudng thing d di qua diém A € (P) cho trudc va ndm trong mit phang (P) cho truée sao
cho khoang cach tit diém M cho trude dén d 1a 16n nhat (AM khéng vuong géc véi (P)).
e Phuong phdp
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Lay diém A € A, goi A’ 1a hinh chiéu vuéng géc ctia A 1én (P) thi

" Qua Aed
@ Wy = [itp, AM].

Dang 9.

Viét phuong trinh dudng thing d di qua diém A € (P) cho truée va ndm trong mit phing (P) cho truée sao
cho khoédng céch tit diém M cho trudc dén d 1a nhé nhat (AM khong vuong goc véi (P)).
e Phuong phdp

Qua Aed

T =[[7p, AM],7p].

Dang 10.

Viét phuong trinh dudng thing d di qua diém A € (P) cho trude, sao cho d nim trong (P) va tao véi dudng
thing A mot géc nhé nhat (A cit nhung khéng vudng géc véi (P)).
e Phuong phdp

Qua Aed
W= [[7p, AM],7p].
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